TRIGONOMETRY

TRIGQNOMETRIC FUNCTIONS IN A RIGHT-ANGLED TRIANGLE
If A, B, and C are the vertices (C the right angle), and a, b, and
h the sides opposite respectively,

sined =sin A = ;—Z, cosine A = cos A = %»
tangent A = tan A = g, cotangent A = cot A = ctn A = g"
secant 4 = sec 4 = %, cosecant A = esc A = 2-
8
exsecant A = exsec A =sec A — 1
h a versine A = vers A =1 —cos A
coversine A = covers A =1 —sin 4
b " haversine A = hav A = }vers A

Fig. 4

RELATIONS BETWEEN DEGREE OF ACCURACY OF COMPUTED
LENGTHS AND ANGLES

When solving a triangle for any of its parts the following should
be observed:

Length to:

2 significant digits
3 significant digits
4 significant digits
5 significant digits

Angle to:

nearest 30" = 0.5°
nearest 05 = 0.083°
nearest 01’ = 0.0167°
nearest 0.1’ = 0.00167°

(requires)

SIGNS AND LIMITS OF VALUE ASSUMED BY THE FUNCTIONS

Quadrant I Quadrant I Quadrant IIT | Quadrant IV
Function
Sign { Value | Sign | Value | Sign | Value | Sign | Value
+ | otor | + | 1t00 | — [Otol | — | 1to0
-+ 1to0 - Otol - 1to 0 -+ Otol
+ 0Oto = - o to 0 + Oto = - o to 0
-+ o to 0 - Oto « + w© to 0 - 0to «
-+ 1to =» - w0 tol - 1to » -+ w0 tol
-+ o tol + 1to — w tol — 1lto o
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*GRAPHS OF THE TRIGONOMETRIC FUNCTIONS
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GRAPHS OF THE TRIGONOMETRIC FUNCTIONS
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GRAPHS OF THE TRIGONOMETRIC FUNCTIONS
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® See index for Table of Curves and Surfaces.
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TRIGONOMETRY

VALUE OF THE FUNCTIONS OF VARIOUS ANGLES

0° 30°  45°
sin....... 0o - i 1 \/_5_ 143 1 0o -1
COS....... 1 343 342 0 -1 0
tan....... 0 343 1 V3 0 o |
cot....... o V3 1 3v3 0 o o
8€c........ 1 g%/io’ V2 2 -1 ©
cosec. ..... ® 2 /2 2T\/§ 1 w —1
EXPONENTIAL‘ DEFINITIONS OF CIRCULAR FUNCTIONS

sin z = 1 (e — e—i= cosec T = _

=gt - €= — ¢

(2= -1 9

_ e+ e = -
o8 T = ——p—— SCT = o= L o=
tan x = f:f:— cot x = M

16 + je= e — ¢

RELATIONS OF THE FUNCTIONS

. 1 1
sin z\= . cosec r = ——-
cosec T sin z
1 1
COS Tri= . sec 1 = .
sec T cos
1 sin .
tan x|= = . sin?x + cos?z = 1.
cot x cos &
cob £ = 1 _cosz 1 4 tan? z = sec? z.
. tanz sinz’ 1 + cot? x = cosec? z.

*sin z = + /1 — cos? z. *cos z = + 4/1 — sin® z.
*tan £ = + V/sec? z — L. *secz = + +/tan?z + 1.
*cot, z =% 4/ cosec:z — 1. *cosec z = + Vcot®z + 1.

sin x = cos (90° — z) = sin (180° — z).

cos z = sin (90° — z) = — cos (180° — z).
tan z = cot (90° — z) = — tan (180° — z).
cot x = tan (90° — z) = — cot (180° — z).

z
cosec £ = cot 3~ cot x.

* The sign in front ¢f radical depends on quadrant in which z falls.
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FUNCTIONS OF SUMS OF ANGLES

sin(z + y) = sinz cosy + cos z sin y.
cos (z + y) = cos 2 cos y F sin z sin y.

_ tanz £ tany
ta'n(xiy)“1=Fta,n:ctany'

FUNCTIONS OF MULTIPLE ANGLES

sin 2z = 2 sin x cos z.

cos 2x = costy — sin?z = 2cos’z — 1 =1 — 2sin?z.
sin 3z = 3 sin z — 4 sind z.

cos 3z = 4 cos®* x — 3 cos .

sin 4z = 8 cos® z sin £ — 4 cos z sin z.

cos 4x = 8costx — 8 cos? x + 1.

sin 52 = 5sin x — 20 sind x + 16 sin’ x.

cos 5x = 16 cos® x — 20 cos3 x + 5 cos x.

sin 6x = 32 cos® xsin x — 32 cos® x sin x 4+ 6 cos x sin 2.
cos Bx = 32 cosbx — 48 cost x + 18 cos2x — 1.

2 tan x
tan 2x il e
_cot2x —1
cot 2x¢ = 2 cot x
3tanx — tandx
tan 3z = 1 —3tan2x

*sin §x = + ‘/l:%
*cos §x = =& [1 +;:osx.

ll—cosx 1 —cosx sin x
* F—14 = = L)
tan §o = & 1+ cosx sin x 1+ cosx

* The sign in front of radical depends on quadrant in which -; falls,
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TRIGONOMETRY

MISCELLANEOUS RELATIONS
sinz+siny=2sin4(x ty)-cosi(zFy.
cosz+ cosy = 2cos 3 (x+ y) - cos i (z— y).
cosz —cosy = —2sin 4 (x + y) *sin 3 (z — y).

sinzcosy = 3 [sin (x + y) + sin (z — y)]

cos rsiny = 4 [sin (z + y) — sin (z — )]

cos z cos ¥y = 4 [eos (z + y) + cos (¢ — y)]

sin z sin y = } [cos (z — y) — cos (z + y)] )

tanxitany=ﬂn_giy_)_. cotx:tcoty=i-—.s}£m.
€OS X * COS ¥ sin z - sin ¥

1+ tanz _ o cotz+1 o _

—1—_—tan—}—tan (45 +:c). c—"—'—"‘otx_ 1= cot (45 x).

sinz + siny
cos £ + cos ¥y
sinz +siny _ L —
COSZT — COS Y cot § (= F 9).
sinz +siny _tan} (z 4+ y)
sinz —siny tani (zx — ¥)
sin? z — sin? y = sin (x + y) * sin (z — ¥).
cos? z — cos? y-= — sin (z + y) sin (z — ¥).
cos? z — sin? y = cos (z + y) cos (z — y).
INVERSE TRIGONOMETRIC FUNCTIONS

The following table lists each of the six inverse trigonometric

functions together with the interval of its principal value:

= tan % (¢ + y).

Interval containing principal value

Function
z positive or zero z negative
y =sin"1zand tan"tz........... 025y s~=/2 —x/2 £y <0
¥y =coslzand cot™lz......... ,- 0=y =~x/2 /2 <ysSn~
y=seclzandesclz........... 0sy=x/2 —r Sy = —x/2

Usually the first letter in “arc” or the name of the inverse
trigonometric functions is capitalized if the principal value is
desired. Thus

S P S
Arcs1n§—-Sm 5= F
while arc :sinl =X + 2xn or-51 + 2xn
2 6 6

In the calculus both for differentiation and integral formulas,
capitalization is not adhered to strictly, but principal values are
always understood for inverse trigonometric functions when used
unless specifically stated otherwise.
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RELATIONS BETWEEN SIDES AND ANGLES OF ANY
PLANE TRIANGLE

In a triangle with angles 4, B, and C and sides opposite a, b,
and c¢ respectively,
a _ b <
sinA sinB sinC
a? = b2 4 2 — 2bccos 4.
a = bcos C + ccosB.

= diameter of the circumscribed circle.

b4 2 —a?
AcosA————%c .
—B a-—-b C,

tan 3 _a+bc°t§

sinA =%w/s(s—a) (s — b) (s — ¢),
s—a)(s—b)(s—c)'

where s=§(a+b+c)andr=J( p
, sinj—21-=J(s—bb)(s_c).
c
oosg-== f.ﬂ:‘__l;_c__a).
tand o 6= G-o__r |
2 s(s —a) s—a
a+b sind+sinB_tan} (4 +B) cot 3 C

6~b sind—sinB tan} A —B) tan} (4 —B)

=dsinczsinﬁ: d
sin{ea+B8) cota+ cotB

Similarly

sin(f —a) cota—cotf

443



DIFFERENTIALS

d (au) = a du
du—+v—w) =du+dv — dw
d(uw) =ude + vdu
al(*)="? du — udv
v v?
d(u™) = nu1ldu
d(u?) = vur—tdu + u*(log. u) dv
d(e*) = e*du
d(e**) = ae** du
d (a*) = a*(log. a) du
d (log. v) = u~ldu
d (log, w) = u~(log, e) du
d (us) = u*(l + log. u) du

dsinu = cos u du

deosu = — sin u du

dtan u = sec®u du

deotu = — cse?u du
dsecu = tan u sec u du
descu = — cot u - cseudu

dversu = sin u du
dsin7ly = (1 — )~ ¥du

deoslu = —(1 — u?)~}du
dtan'u = (1 4+ u?)~'du
deot™'u = —(1 4+ u?)~du
dseclu = u~(u? — 1)idu
desctu = —uY(u? — 1)~idu

d sinh u = cosh u du
d cosh © = sinh u du
d tanh u = sech?®u du

d coth v = — csch? u du
d sech u = — sech u tanh u du
d esch u = — csch u coth v du

dverstu = (2u — u?)~idu
dsinh—'u = (u? 4+ 1)"¥du
decosh™'u = (u? — 1)~ du
dtanh—t'u = (1 — «¥)~du
deoth 'y = —(u? — 1)~'du
dsech™'u = —u~ (1 — u®)~idu
desech™'u = —ul(u® + 1)~ idu
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