TABLE OF INTEGRALS

The following points should be observed when using this table.

1. A constant of integration is to be supplied with the answers
for indefinite integrals.

2. Logarithmic expressions are to base ¢ = 2.71828 - - - | unless
otherwise specified, and are to be evaluated for the absolute value
of the arguments involved therein.

*3. All angles are measured in radians, and inverse trigonometric
functions represent principal angles.

4. If the application of a formula produces either a zero denomi-
nator or a radical involving the unit ¢ = 4/ —1 in the result, there
is always available another form of the answer which avoids this
difficulty. In many of the results, the excluded values are specified,
but when such are omitted it is presumed that one can tell what

these should be, especially when difficulties of the type herein men- -

tioned are obtained.

* See index for table Inverse Trigonometric Functions.

290

INTEGRALS

ELEMENTARY ForMS

[y .
.

fa dx = azx.
-:_r 2. fa -fx)dz = a ff(x)d:c.

3. f o(y)dx f ¢(y) dy, where 3y’ = dy/dx.

4. f(u+v)d;v=fudx+fvdx where v and » are any

functions of x.

*g fmdv—'ufdv-—fvdu—uv— fvdu

dv
< 6.fu@dx—uv—f d—dx

7. f:v" dr = x—n_:l—l, except n = —1.
8. f L% 1051 (@), df@) = f (=) dal.
. 9. f - = log z, or log (—x).
f (Z) dz () =
10, | —=—= , [df(z) = f (z)dx].
o - V@

* See index for table ** Special Integration Formulas” for formula on *‘extended rule for inte-
gration by parts.”
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INTEGRALS

. (a -+ bx)n+3 (CL + bx)n+-
ll.fe'dx:ez, 26.f:v2(a+b.’c) dx”ﬁ[ P — 2a P
. (a + bx)+!
12. fe“‘ dx = e*/a. + h“m“]
baz d baz . .
13. Y= aloghb 27. f z™(a + br)" dx =
14. flog zdr = zlogx — z. x’;f:‘:ﬁ)" + — +a: - fxm(a + ba)"! dz.

15. f a® log a dx = a®. 1
28. (@ + bx)" dx = ———— [ —ax™'(a + bx)"*!
a(n 4+ 1)
16. J'__dx__ = ltan*l (x) or — —cot‘ (
at+ 122 a a + (m +n+2) f‘_xm(a -+ bx)n+l d:v].
dr 1 = +
17, fm =- tanh—! (E)’ or — log | . g i
29. = = log (a + bzx).
dx 1 x —a Jat+bx b
18. §} ——= = ——-coth*{=) or 5~ log
2 —a a a z+a 30 J‘ dz _ 1 .
19. %= sin~t (Z), or — cos~t (Z). ‘ ) (@+b2)? b(a+ba)
. \/a”' — x? a a i 1
. dz ) 31. f 3 = = 2"
20. f T =l @+ VI E D, (ax; ) 1 25 (a + b)
n o=t (3) Cow et as Gt
T —a @ z . ) 1
dx 1 a+ Va*+ x? , ‘ 33. f rax =~§[log (a + bx) + ]
22, f:c—-—\/?——?—;z = - a 10g (—————-x—->- (a +db$)2 bl 1 a + bx
—— xdx a
S NG vl \ +cl:x’ or | - @“iw ) ’71 -t :‘ o b
—2, ., [Tt VaT s - +/a T
—— tanh ‘\/ or —7=log . br)* bt ) T br)?
7 2 o o eIy, _ @+ b2) CREIC

+

(’IL — 1)(a I bx)"“]’n # 1,2.

Forms Conraining (a <+ bx)

wdr _ 11 .
(a + bx)+ 1 % f a+br b [2 (@ + be)
yexcept n = =1,

24, f (a + bx)*dx =

(n + 1)b 2a (a + bx) + a?log (o + b”)]'
1
. n — n+2
5. [ o+ bori = gt o 3. [ ot kot 2aton @ 4w — 2]
% (a+bz)" exceptn = — 1 or — 2. (a+bx)2 =g|eTbe—2alog(a+bx) — —pr |-
b*(n + 1) : 293 :
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INTEGRALS
x? dx 1 2a o
38. f @+ ba)? ~ b [log @+t + o T s+ bx)z]'
39 g*dz 1 —1
*JG@ T " B n=23)a + b
2a a?
TE D@t =D+ bx)"“‘]’n #1233
1. a+bzx
10. fx(a+bx) Tel%® T
3 1 _ _1 a+ bx
41- fx(a + bx)2 - a(a, + bx) a? 10g .

dx _ 1 b a + bx
42'f:&r;z(a+bav)_—ﬁ—*_gzlog T

dz __ a+2bz 2b a + bx
“J%FHW' Fxlatba) @B g

Forms CoNTAINING ¢? + z?%, z? — ¢?

=1%o Lgint . .
4. f cz _+_ z2 tan C, or p sin »\/m2
45. f zd:r, =5 ogc+ ;or—tanh' (a:)
c® — c—=z

dx 1 _
46.fm2 2010 + ,or—-—coth ()

Forms CONTAINING a + bz AND o’ + b’z

dx _ 1 . a + bz
47. f (@ +bx)(@a” +bx) ab’ —ad lOg(a + bx)'

zdx 1 a
@I to)@ t Vs —ab —ab [E log (a + bz)

48.

- %;log (@ + b’x)]-

dx
49. f (a + bx)*(a’ + V') =

1 1 b a + bz
ab’—a’b(a+bx+ab’— log a+bx)'
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50 f z dz _ —a
‘ (@ + bz)2(a” + b'x)  bab’ — a’db)(a + b2)
_ o log o +bz
(ab’ — a'b)? a + bx

51. z? dx _ a?
(@ + bz)2(a’ + b'z)  b(ab” — a’b)(a + bx)

+ (a—b—_——b);[ log (@' + b'z) + XL ;—zmlog (@ + bx)]-

52 dx . _ 1
* (@ + bx)*(@ + bx)™  (m — 1)(ad’ — a'b)
—1
((a, + bz)~1(a' + b'z)m?
2)b f dz )
, - (m +n-2) (a + bx)*(a’ + b'z)™?
53. J‘:ill;fv —b,+—————log(a + b'z).
(a + bx)™ _ 1 [ (@ + bx)=+
54. (@’ + b";;lf\": (n — 1)(ab’ — a'd) | (@’ + b'x)~?
(@ + br)™ dx |
+ b(n -m - 2) f (al + b’x)"‘l_
_ 1 [ (@ + bx)m
= T V@m—m—1) @ F )
P ' (a + bx)™'dx
i = [

-1 [ (a + bx)™ — mb

_ {a + bx)"“"d:c]
T (n =Y | (@ + br)~?

(@ F o)™ |

ForMs CONTAINING \/ a4 bx = v/u AND V@ + bz = /v WITH

=ab’ — a'b
_ _k+2bv .
55.f\/uvd:c— A 8bb'f\/—
56.f dz _ 1 lgbl_\/___‘/b/
"Jova VR OV AVu+ VR
- 2 tan-1 ¥ Vu
v/ =kb N —kb
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INTEGRALS

57 [ - = 2 log (v/B5u + b V), or

58

59

60

61.

62

63.

64

65

66

67

68

69

70

\/bb
_ 2 o [
= N tanh \/ 0’ or

Vv

., 2bb'z + a'b + ab’

= 2 tan—! \/——b’u or —1 sin
- v —bb be v =bb

adr _ Vuw ab +a'b dr
: v w bb’ 260’ LY
f dx _ 2 \/17
) v \Vur kv
Voode 1 — k dz
S n ] O
o 1
mAude = —__~ [ 2m\Ju S+ k
Vds <2m+3>b'( Ve f
dx 1 Vu 3
* vm,\/a_ —(’m— 1)’0(;":+(m—§>b

Forms ContaiNIiNGg (a + bx?)

Ikl

vrdr)
Va

| =57

dz 1 x\ab
f ey v Ry A “\—a/—
dx 1 a+xz+/— ab
) fa+bx2 - 24/ — abloga —z - ab’or
1 tanh~1 < v/~ ab
V-—a a
xdzx 1 a
. fm = %log<x2 +-5>'
J'xzd:c _g_gf dz
‘ a+bx2 b b)) a-+bx?
f dx _ x + 1 dr
’ (@ +bx%)? 2a(e + b2 * 2a J a4+ bx?
dz _ 1 z + 2m — 1 dx )
) (a + bz®)™*  2ma (a 4 bz®)™ 2 ma (a + bx*)™
xdzx 1 de o,
) @rrn Tz ) e e =1
z¥dzx _ -z + 1 dx )
’ (@ + bx®)m+t  2mbla + he®)™ © 2 mb (a + bx®)™
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dz 1 z?
71. _ = _— .
f z(a + bx?) 2a log a + bx?
R I ...
r%(a + bx?) ax  a ) a+ bz

dx 1 1 dz
73. = z
f 2@ F b ~— Zam(a ¥+ 02" T a f 7@ T ooy
m #= 0,

74.f_dx____=1f__dxh__b dz
z2a +bz)™H " a ) 2@ £ o)™ a) (a + bzH)H

dx
75. f;m =

k1 (k + z)? 2z —k '
3a [él"gm VBt S ] [bk* = al.

xdz

1 1]1 k* — kx + z? = 2 —k
30k [Elog N V/3 tan! PV ] [0k* = a].
dx 1 "

77. —_— = —

f e F o)~ an g F b
78. | — 9 _ 1 d= b zdx

(@+bzm)m —a ) (@ +bz™  a ) (a+ bar)yri

79 xrmdxr 1 xm-—ndx

_grar 1 p amrdr e
(@ + bxn)p+1 b (a + bz")" Ef (a + bxn)p\H'

dx
0. [ e =

1 f dx _ b f dx
aJ z™a+ bx)»  a ) z(a + bxr)rtt

81. fx"‘(a -+ bx™)rdx =

.’Em—n+1(a -+ bxn)p+l — a(m —n+ 1) .
bp +m+ 1) bpFm 1)) T @b dz
82. f .’L’m(a + bxn)p dx =
zm+i(g + bxr)» anp i
np+m+1 +np+m+1fx(a+bx")”"ldx.
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3RALS

1

83. f " (a + bx")r dr = m

[xm—n(a + bxn)p+1 — (m —_ n)a f :c"'—"“(a + bx")p d.’lj .

84. f Y a + bx")? dx =

-

1
m + np
85. f zm—Ya + bz")P dx =
1

[x'"(a + bx")? 4 npa f zm(a + bz*)r~ldz |.

1 m n
86. fx""“(a -+ bx")” dr = m [—x (a + bx )"H

— [a:"'(a + bzr)rti— (m + np + n)b f zm+—1(g + bx")? dz |-
ma -

+ (m + np + n) f zm—1(a + bxr)r+! dxw.

Forms ConrtamNing (a + br + cx?)
X =a-+bx + cx?and ¢ = 4 ac — b?

dz 2 2¢cx + b
87. = = —tan™! -

X 7 Vg .

dx -2 2¢x +
88. | = = —— tanh' ———-

X +—q —q
89 dr 1 1 2cx +b—vV—4¢q
<)X 2cx+b+\/“—

dx 2cx+b dzx
90. Yz:T_F—— 7

de _2cx+b( 1 6_c=J‘gz__
91. —Xi= q (2X2+qX>+ X

2 de _2cx+b, 2@2n—1ec dz

92. Xnti ngX" qn Xn
zdz dz

93. —)—(‘ 10 X — ——— X

g
3]
o
5]
+
[\
Q

94.

L

_bfdx

zdx _ _2a+bz b(2n—1)f
Xn'H. ann

™
=]
B

-

e, S, S S e Sy, e

R
S

z? x b b®’—2ac | dx

X
x? _(*—2ac)z+ab , 2a dz
97. f:fidx = X + 7 ¥
98 amdr il
*J Xt (2n—m + X
n—m-+1 b [ 27 ldx m -1 a [ zm?dz

" —mFic)] T To4—m¥ic) X

. dx 1 x? b dr
99. fﬁ_%logf—i—a ¥

dr b X 1 b2 ¢ dx
100. fzz_X‘%‘zbg;z‘a;*(z—a“a) X

101 G 1 —9_ dzx dzx
‘ *J xX* T 2a(n — 1) Xt X» X
dr _ 1 _nt+m-—1
102. f PR T m DX T m-1

é dx — Z’n + m — 1 . f dx .
a ) zm1XnH m— 1 5 | =m
Forms CONTAINING v/a + bz
103. f\/a-i—bxdx =__ (a + bx)s.
104. f 2 a T de = — 228 = 3b2) V(@ +ba)?

15 b?
105. f z? Va + brdr = 2(8a” — 12 abz '{'0;51}:)%2) V/(a + bx)?

106. fx"‘\/a+bxdx =

b(2m2+ 3) I:xm /@ ¥ b2)* ~ ma | zmt vaF ba dx].

l07.f———~—\'¢l:-lmdx=2\/_a+bx+af dz

z+v/a + bz
(see No. 114 and No. 115).
1os.f—-_wfb’”dx - Yot b f
T T \/a T bz

(see No. 114 and No. 115).
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109.

110.
111,

112,
113,
114,
115.

116.

117,

118.

119.

120.

121.

122.

INTEGRALS

\/a+bx_ _ 1
z  (m—Da
[\/ @+ ba)f | @m'= 9 [ Va+bs dx] L
xrm™ 2 m
f de  _2+/a+be
Va + bx b
rdz 2 (2a — bz)
= - b
va + bz 5 Ve tbm
v’de _ 2(8a’ — 4abr +3b0%% ,———
f\/a+bx" 15 52 Va +bz.
andr 22" +/a+bz _ 2ma 2z
Vatoe Cm+Dd Cm+DbJ Vo bo
dx \/a+bx-—\/_)
‘—:=—-—1 A ALt el K »
J‘3’«'\/a+bsv e (\/a-%—bx—}—\/— a>0]fS§:#23
dx 2 \/a—i-bx
—_—— ——t h—l L bl a>0 a<0
fx\/a—i—bx Va a :
f_dx_* __MaEb_ b (e
z2va + bz ax z~/a ¥ bz
f e _
x"\/a—i—bx
__\ﬁzﬂ,_gzrg-&bf dz
(n — Dax*='  (2n — 2)a J zgr-14/a ¥+ bz
24n
gy = 2@ +02) 2
f(a by = e
4in 2¢n
" _2[@+b)? a(@+br)z |
fx(““be)iﬂd“’_b‘z[ it TEn ]
f_-L _1 dx b dx
+ b m/2 o h‘—*——m_zg—— *-ﬁb';/—z'
z(a + bx) a 2@ + b)2 a ] (a+ bx)

o)

n-2
bf(a+bx)

[ st vaFm a2 [ 1
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22—a

b

n—2
dz + af(iir%)idx.

, z) zdz

(z* = a + bx).

INTEGRALS

Forms CoONTAINING /2! £ a?

123. f VZE + atdr = Mz V7P £ @ £ atlog (z + Vz* )]

124. f \/____j’z = = log (v + V& £ @.

| N £/
125. f:c \/x2 — = - sec 1 (_&>
126. f _dr Ly <_+_x1_.+_ “2),

zV2? + a? a T
127. f VIS gy FF @~ alog (W)

2 — a?
. 128. f\ﬁ%dz = /7 — a® — asec“%

129. \/xzd” - VFET A
x

130. fx Vit £ atdr = /(2 £ a®)3.

131, f V@& £ ad)idr = - [x V(@ £ a?)?
"””x/TJ?“aw—log(Hvxzia»]

- fz

132 f dz .
") AVE L) @tV E e

dz —1
133. < = .
f V(@ £ a®)? /7' + a?
134. f V@ £ a)ids = /@ £ o)
5. [ VFEFe = IVETy
+ %zx\/xz ta®— %‘410& (z + V2* £ a?).
136. | 22 Vo Fatds = (4ot — £e?) V(@ + 7).



INTEGRALS
2

137. fx‘ Az —atdr = —X/M‘l'@ vm)/{l

138. Per % N 5 log (x + V2t £ a?).
Vittal 2
139. ngd—;—a—z %\/(z’ T a®)° F a’ /2 £ ai
2 2
14o.f dz____ o Vertal
1A/ + a a’x
2 2 72 + g2
141. f ¢ _ vz ta,  log ‘Li,,\/ T+ a
z3 v/zt + a? 2a% 2a X

dz _ V2t — a? 1 _a
142: fxa Ji—a_ s w0

143. f VT LTV ds = S/ E P
F 92%\/(332 t+ a%? — ’1—6“\/132 ta?F %—;log(x—l-\/f’ia*).
. [ VEE @ - 3 VEE T F G VE

Vit dds _ Vit iad

145. + log (x + v/x* £ a?).

z? z
VITa, NAE@ 1, e+ EFa
146. f T dx = — "‘—2;‘2— - E&« 10g ——-z—'
Vit—at, Arr-a 1 4
‘47- f -——-za—" dx = -—2:‘32—"— + 3a sec P
148. i S 1 + V7 £ ).
8 f\/(:ﬁ o - voia 8 @+ )
2z — a?
149. —_— = 24 q +
Verar VOECE e
150 f dzx _ 1 ———l a+ V' +a®
* /@ Fad)®  a? 7+ a a® z
dx 1 1 _.a
. _— =~ . — —8eC
151 fx \/(:z:’ — a’)' a? \/xsz — a? al x
2, [ % - _L[vaEa, = ]
o PV e ror =5 VAia
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z® v/ (z? + a?)? 2a2x? \/m 204 /2% + a?
+ 2 l a+ \/m
154 dz _ 1 _ 3
¥/ (x? — a?)® 2a% \1? — a® 2a* /2% — a?
3 _
— 58 S€C ! po

155. ff(:v, Vi Fad)de = a ff(a tan u, a sec u) sec? u du
(x = a tan w)
156. ff(:c, Vit —ad)dzr =a ff(a sec u, @ tan u) sec u tan u du
(x = a sec u).

ForMs CoNTAINING V/a? — z?

157. f Vet = zrdx = % [x vVa? =z + a? gin~! (g-)]
dz . [z T

158. f \—/m = gin 1<E>, or — cos 1(5).
dx _ 1 a + vVa? — z?

a? — 2 . — r?
o0, [ VIS gy o i 10g (LENT )
161 z dx —

162. zvVa* — z¥dx = — 3/ (a® — z?)3,
163. f V(at — z?)ddz =

4
dz z
164. = .
f \/(a2 _@2)3 a? \/az — x
165 zdz _ 1

.\/(aa -— xa)a .\/az — xz.
166. f V(@ — z)idz = — } V(a® — 2%)*.



INTEGRALS

167- z2 V a? — z2 dr =

2
—gm+%(xm+amn—x§)-

168. fx“ Vat — gdz = (—ix* — &a?) v/ (a? — z9)%,
169. fxz Vi(a* — 2% dr = — —x\/m

o’z P st BRI Yo e SR . T
-}-24 VvV (a* = 29t + 16 \/a x+16arcsma

170. fx3 V(@ =z dz = l V@ =) — a_z V@@ =

z¥dx
171. f Ve S N T xz+_sm_12
17 _ Vo =2
2. f \/T:c? atx
— zt 7
173. f \/—axz—:l:— dx = e __.aii_xz — sin—l g.
VE-—Z NI 1. et
173a. Y " dr = — — .
3a f z? do = 527 T 3198 z
*dx z . X
174. ’” = ~ sin—1 %
\/(‘:2 — 23 a® — gt S
175. f% = — § (a? — 22)t — z%(a? — )},
xidx _ 22
176. W——i———"w = 2(a2 — x2)l + (._.._._x—z)i.
177 f dx __._\/az--:l:2 —lo a+\/a2—x2
) 28 v/a? — 22 2a%x? 2a’
dx - 1 a+ \/a2 — a2
177a. f = »\/—_—_—(a2 = x2)3 = " —\/a——z — -+ 38-10 ———————-—x—».
1 Va? — x? x
178. f = = [— ]
z2 \/(a2 —?)8 at lx + \/a2 — gz
179. _— = — S —
fxa\/(az_xz)s 2a? z? \/a,2-—:z:2+2a‘\/a2~—::;2
___10 a+\/a2—ar:2
2ab

180. ff(x Vot = z¥)dx = aff(asmu a cos u) cos u du

(z = asin u).
304

181.

182.

183.

184.

- 185.

186.

187.

188.

189.

190.

191.

192.

193.

INTEGRALS

Torms CONTAINING \a + bx + cx?

X=a+bx+cx2,ql=4ac-—b2,andk=f471f.
dx 1 — b .
= —1 X+zve+ —Y) ife>0
e = v (VE Vet )
dx 1 . 2cx + b .
— = h_1 —_— I 1fc>0_
vV en <\/4 ac——b")
dx 1 o f—2cx—b .
—_—— = —_— ] ]_f <0_
VX - s (\/b2 -~ 4ac> ¢
dx =2(2c.v+b).
X VX VX
dx 22cx + D)
= 2k
fX2 3¢ vVX ( + )
2@2cx+b VX | 2k(n—1) dx

+ 2n — 1 Xt~+/X

fX"\/X_ (2n — 1)gX*
J‘\/Xd (2u+b)\/X+i dx

V.
X /X dr = (2c1+b)\/Y<Y+3>+_3_ dx
< T2k 8k | /X
fX2Vde=
’ (2e0 +B) VX o L) 5z
e Xrmtee)Tun) Ux
. (2m+b)Xn\/X 2n +1  ( Xrde
fX VX dv == STk ) VX
xd:t=\/_X"__§b_ dx ’
VX ¢ VX
xdx =___2(b.1n—+-2a)_
XV g VX
f:cdx - VX __b_f dx
Xn\/)_( 2n—-1ecX* 2¢]) X2+/X
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INTEGRALS

2 -
194. x*d.v=(_x_ ——b—>\/X+3b 4 ac dx—_.

VX 2¢ 4c? 8 ¢? VX
2 dx 26> —4ac)r +2adb 1 dz
195. | =2 = = += | ==
X VX cg VX f
196 tdr (2b* —4ac)r + 2ab
") VX @n—-Deg X /X
+4ac-+-(2n — 3)b? dx

23 dx 2? 5bx 5b? 2a
197. ﬁ_(ﬂ_—l2cz+§?’_7>ﬁ

l98.f:t de=X‘/7Y—J’-fﬁdx.

199. fo\/—de=X =

200 [':vX"dx= X"vVX b [ Xvdz
* VX @rn+ e 2¢ NG ¢

50\ X /X db*—4ac
201. fxzx/)_(d:c=(x 66) 4\? +_16;z_f\/)_(dx.

dx 1 VX +Va b .
o ) weso
VX VBT toge)s M
dx 1 . bx+2a .
203. — = = -1 S —————— ] f <O
fx\/X =" (x\/bg—-tlac) ne
dx _ \/X . _
204. fx\/)_( b7 ifa=0.

dx vX b dx
205. f - = — ——f
22X ax x\/X

206. f‘/Xd” VX +3 f\/y waX

207. ‘/fgdx= ‘/X+ fM/X cf-\/ij(

306

(2n — 1) cq X—1/X

INTEGRALS

Forms INVOLVING \/2ax — 22
208. f V2ax — x2dx =

3z — a) V2az — 22 + asin~! (z — a)/a.].
dz _ . fa—=z .. [z
209.fm—00s1< p >=2Sln1 _271.
" — _ a2z — z?)}
210, fx V2zx — z¥dx = i3

+ @n+ Da f ot 2T TR n o — 2.

n+ 2
— 2
211. f——————”“;”x dz =
(2azx — z?)t n—3 V2az — z? 3
(3 — 2n)azx» + 2n — 3)a zr1 dz n 2

o ndx
212. x—‘———‘ =
f V2azx — z?

— 2=14/2az — 22 | a(2n — 1) f zn!
T ) Ve —a® t Y
dx
213. ———— =
"\ 2ax — x?
- n —

V2z — z + n—1 f dz 'n;él-
a(l — 2n)x" (2’” - l)a 1 —\/2ax — 2 2

dx T —a
214. f(an — ) g2 +/2az — 2

dx z
215. z = L.
f (2ax — 2*)¢ ¢ /2ax — &

216. log (x + @ + \/2ax + x?).

dx
V2az + z*
MISCELLANEOUS ALGEBRAIC FoRMS

217. f Vaz®* ¥ cdz =

x\/ax2+c+ \/_10g (z Va + Var* +¢), [a> 0]

S N _sm‘l( \/—) [a < 0].




INTEGRALS

dx 2 — b (¢ + bx)
218. = T s
f\/a+bx'\/a’+b'x \/——bb’tan b +b'z)
219. f\/i :{:zdx =sin~lz — 4/1 — 22

220. f dz -
Va + 2bx + cx?
;/L_log (£b + cz + Ve Va £ 2bz + cx?).
c .
21 sin—1 62 F b

dx
.f\/aiZb:c—cxz—\/E \/b2+ac'
222, f\/_xdx_:%\/ai%x—l—cxz
a

+ 2bx + ex?

F ——_:log (b 4+ cx + \/E\/a + 2bx + cx?).

Ve
zdzx — cxFb

—————— = - +2bx— — .
f\/ai2bx—cx2 c \/a_ z—ca? \/ sin™ \/b2+ac

Forums INvoLviNgG TRIGONOMETRIC FUNCTIONS

223.

224, J‘ sin x dr = — cos z, or versin a.

225. f cos r dx = sin x, or — coversin z.

226. f tan z dx = — log cos z.

227, f cot z dz = log sin z.

228. f sec x dr = log (sec x 4 tan z) = log tan ( + g)
229, f csc x dx = log (¢sc « — cot ) = log tan g

230. fsm2zdx = —Ltcoszsinzx+Lixr=3%2—isin22
231. f sindzdx = — Q_l; cos z (sin? z -+ 2).

232, f sin® x dx = — sin"—I: cosT L ; ! f sin"—? z dzx.
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233.

234,

235.

236.

237.

238.

239.

240.

241.

242,

243,

244.

246.

247.

I

J =
) =

INTEGRALS

cos’zdr = ysinxcosz + 32 =322x+ +sin2z.
cos® x dx =  sin x (cos? z + 2).

1 ~1 n—1 —2
cos® x dx = - cos” T sin x +T cos" 2 z dz.
.z x
sin=dxr = — a cos =

a a

z .z
cos ~dxr = @ sin —-
a a

sin (@ + bx) dx

b

-1 cos (a + bx).

cos (a + bx) dx = %sin (a 4+ bx).

dz__ f cse  dx = log (esc x — cot z)
sin x
= Ll LT tan ¥
= T 2T cosz %% 2
= f sec x dr = log (sec z -+ tan )
1 1 +sinz) T, X
=g log (ffgm) = log tan (1 + 5):
o’z = fsec 2z dr = tfan z.
cos
1 sin z n n — 2 dx
cos"z m—1 cosix 'm—1,) costw

T _ X
fl +sinz +t¢m<1+§>'

245. fl—l—cosx=

J
J

tan~

P 1
Jetan yx 4+ b

z
tani'
_dr — cot 2
1 —cosx 2
dx _
a+bsinz a¥— b2

1

Va! — b®
ﬂatan—‘}x%—b — /b —a?

TV =g

309

og ..
atan k2 + b + /b% — a?



INTEGRALS
2 _,Va —btan iz
248. fa-{-bcosa: \/az_bztan a-+b

_ 1 \/bz—a%an-;x-}-a-i-b
= ———-log
Vb — a2 \/bz—aztangx—a—b

dx
249. fa-i—bsinx—i—ccosx

1
—]o
VEfo—a ¢

b2+c2—a2+(a—c)tan;—c

b+\/b2+c2—a2+(a—c)tang

= if a2 < b2 + ¢ .

b+(a—c)tam’§c

2
V- =c

tan—!

if a2 > b% + ¢2.

250. f\/l —cosz dz = —-2\/§cosg-

251. f V1 +cosz dr = 2 \/Esing-
. . _sin(m—n)z sin(m+n)z
252. fsmmx sin nx dxr = Sm =) Sm )
[m? £ n?.
. .
253. f zsin? zdr = % -z SIZ 2z _ cos82x
. s x2 1\ . T cos 2z
254.fx’sm"’xdx——é-—(z-—g)sm2x— 7
255. fxsin’xdx = :c c;);3x - Slggx ixcosx +3sm:c
3z sin2x | sin 4z
256 fsm‘xdx 8 T +—32—'
_sin (m —n)z | sin (m + n)x
257. fcosm:vcosnxda:— 3m =) 5(m T+ 7)
[m2 = n?.
zsin 2z |, cos 23:'

2
258.f:ccos’xdx='z—+ I + g
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260.

261,

262.

263.

264.

265.

266.

267.

268.

x? z?2 1\ . x cos 2z
2 2 = % el I .
cos? z dz 6+<4 8>sm2x+ 1
3 _ rsin3z  cos3x 3
z cos? x dx 12 -+ 35 +4xs1nx+ cos Z.
cost 7 dz = + sin 2% 4 sin 4z
32
sinzdr _ sin x + 1 cos x dz
™ (m=1Dz"! ' m— 1 aml
coszdr _ cos T _ 1 sin z dx_
o (m— 12z~ m—1 zml
tan® z dxr = { tan? z + log cos z.
tant* z dr = } tan® x — tan r + z.
n—1
265a. f tan" x dz = tz;n_ lx - f tan"? z dz, [n = 1].
cot?) zdr = — } cot? x — log sin .
cot* zdx = — § cot® x + cot z + «z.
cot*~!' x _
cot* xdr = — T ——fcot"zxdx, [n = 1].

269.

270.

271.

272,

273.

274.

o o e

INTEGRALS

sin z cos x dx = § sin? z.

cos (m — n)x cos (m + n)z

sin mx cos nx dx = — -,

2(m — n) * 2(m + n)
sin?z cos? zder = — 3($sindzx — ).
. cos"'+l
sin x cos™ x dx =
m + 1
. sinmt+! g
sin™ z cos z dxr = .
m -+ 1
. cos™~1 z sin**! g
cosmzsintfzrdr = ———M—
m-+n
~ -+ m—1 cos™ 2 x sin® x dzx.
m-+n



NTEGRALS

275. f cos™ x sin® x dxr =
sin®*~1 x cos™*t! g n—1 .
- cos™ x sin"? ¢ dx.

m—+n m-+n
276 fcosmxdx -

sin® z
cos™t1 g m—n-42 | cos™zdx
(n — 1) sin*' g n—1 sin"~% g
277 cos™ xdr _ cos™ 1 x L m= 1 | cos™ 2% xdy
: sin® x (m —n)sin~lzx  m—n sin® x

I

o cos’"<7~r—x>d<7—':—-x>
278. f sin"zdx f 2 2
cos™ x . (,, )
sm” é - X

279. fsmxdx = 1 = sec I.

cos? x cos x
sin? ¢ dz . LAY
280. f sz~ snw + log tan (Z + §>
281. f co§:2cdx - =t cosec .
sin? x sin &
282. f d—x = log tan z.
sin z cos x
283. f - dz — = ! + log tan z
SIn x cos® x cos T 2

dz 1 dx
284. fsin zcos*x (n — 1) cos™ ' + f SN 7 costIa

[n == 1]-

dx _ 1 T, T\,
285. f Smizcost |  sng 08 tan (Z + §>

286. f L = — 2 cot 2z.

sin® x cos? x
287 dx _ 1 1
‘ sin™ x cos™ T m—1 sin™1zx-cos"lzx

m+n—2f dz

+

312

m—1

sin"™"2 x + cos™ x

dz ’ 1 cos x m — 2 dx
288. fsin’":c T T m—1 sz + m— 1 fsin'"‘zx
289. f .df = — cot .
sin? x

290. f tan? x dx = tan x — .

) n—1 s
291. f tan® z dx = tin_ 1x - f tan™2 zx dzx.

cot?’xdr = —cotx — z.

292.
cot* 1 gz _
293, cot* zdx = — o i cot™ 2 x dx.

294, sec? x dxr = tan x.

) ) S,

i 3 d2 1 sin z n—2 dz
295. fsec xdx_fcos"x_n—lcos"“1x+n—1fcos”—2z

296. fcs02 zdx = — cot z.
' n _ de. 1 cosz , n—2 dz
297. fcsc zde= fsin"x_- —n—lsin"—‘x+n—1fsin""2x

298. f:csin rdxr = sin x — x cos .

299. zlsinzdr = 2z sinx — (22 — 2) cos z.

300. z¥sinxzdr = 322 —6)sinz — (¢ — 6 ) cos 7.
™ sin x de = — x"‘cosx-{-mfac'"—‘ cos x dx.
z cos £ dz = cos x + z sin z.

ztcoszdr = 2z cosz + (22 — 2) sin z.

“\ .
z¥cosxdr = (B3x2 — 6) cosx + (x® — 6 x) sin x.

313

»



INTEGRALS
305. fx’" cos x dr = a™ sin:::—mf:c’"—1 sin z dz.
sin ¢ 8 x® x7 z?
306'f z Bty T toa
2 4 6 8
307.fcosxdx—logx— a; r -2 7

ForMs INvoLvING INVERSE TRiIGONOMETRIC FUNCTIONS

308. f sin~'adr = xsin~tx + /1 — z2

309. f coslzder =z cos 'z — /1 — z%

310. J‘tan“1 zdr = z tan~! z — § log (1 + z?).

311. f cotlxdxr = x cot™ 'z + 3 log (1 + x2).

312. f seclzdr = x sec”lz — log (z + \/ﬁ)

313. f csc! xdy = x esc! x + log (v + VrE —1).

314. fvers—1 zdr = (x — 1) vers~! z + /22 — 22

315. f sin~'=dz = z sin™!' = + 1/a? — x?

316. f cos—lgdz‘ =z cos“g — 4/a? = 7?

317, f tan7!=dzr =z tan—lg - %log (a® + z?)

318. fcot— Zdz = x cot™ = + Slog (a? + 7).

319, f (sin™! x)2dzx = x (sin~! 2)? — 2z + 2 /1 — 22 (sin~! z).
320. f (cos~! 2)2dx = x (cos~! z)? — 2z — 2 /1 — a? (cos™! z).
321. f z-sin"lzdr = 1[(222 — 1) sin~!'z + 2 /1 — 2.

314
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INTEGRALS

321a. fx cos! zdr = 1[(222 ~ 1) cos™' z — 21 — z?.

. n+1 qin—1 n+1d
322. n i1 _¥*lsintz 1 x x
f a" sin z dz nF1 ntl) Vios
o141 ) ~1 1 n+1 dx
323. R . _ ¥HlcosTl x T
fx cos™! z dx pra +n+1 =

!

1 tan—1 ¢ 1 zrtl dr
324. ” t -1 = T p— .
fx an~! x dx | n+lf1+x2

325 fsin—1 rdx _ log (] - 41— x2> _sinT'rx '
L] 2 o

X X x

—1 —
326. fw log = — L1og (1 + 2 — B2

2 T

ForMs INVOLVING TRIGONOMETRIC SUBSTITUTIONS

327. f f(sin z) do = 2 f f(ﬁ"'_z_ﬂ). l_i_zzz : <z = tan ;_)
1 — 22 dz
2 ff(l‘—_;‘z@) iF =t (z = tan 2)
ff(u) \/_“__, (v = sin x).
ff( u) -~_~,,, (v = cos x).
331. ff(sm z, cos x) dv = ff(u V1 =)

328. ff(cos z) dx

i

329. f f(sin z) dz

330. ff(cos x) dx

\/17— u?

(v = sin x).

332. ff(sinx,cosx) dx=2ff(1_2:22 };Z:)lj_zz,(z tan%).

dx .
333. fa-{-—btanx a2+b,[ax+blog(acos:c + b sin x)].

dx 1 .
334. fa Thoots — @ L7 [az — blog (asin z 4 b cos x)].
LogariTamic Forms
335. flogxd.v =zlogx — z.

, _ z?
336. leogxdx =3 log z — T
IS 315



INTEGRALS INTEGRALS

3 m H0T
337. f zlog zdx = g— log x — %- 354, fxm erdp = 2 & % I
xP+l o dx a3x3
= - 1 ¢ B —— . 3 .
338. f z? log (az) dz + i log (ax) — TS fp = ] 355. f . + + 2 2' + s +
[and 1 esx a P
339. f(logx)zdx=x(logx)2—2xlogx+2x. 356. f—'_”dx= _m—li;‘—:-*-m— 1fxm—1dx'
340. f (log )" dx = = (log )" — n f (log x)*'dx, [n = — 1l 357. feaz log z dz = e log z f )
(log z)* , wtl , f e ot _¢** (a sin pr — p cos pT).
341. f p dz = i (log z)~*. 358. | e**-sinprdx = at Tt
d (log )% |, (log z)? o (g o .
342, f ﬁ;—x = log (log z) + log z + 591 + 3-31 + - 359. e - cos prdx = ¢ (a Osaini:;)zp sin pz)
dx dz e*
= . 360. = — ) = —_—
343. f T log z log (log x) f 1 + e* r lOg (1 + € ) log 1 + e
dx 1 f dx x 1
—r—— = 61. =2 - = Y
344. f z (log z)" (n — 1) (log x)r1 3 a + bevs a ap log (a + ber=)
L dx i x"‘+1 m + 1 " d.l' . f dx _ 1 —1 ( mr \/é)-
345. (log =) =T (n — 1) (log x)»* n—1 (log )1 362. ae™ + be—mr tan b
: log 1 .
346. f z™ log x dx = 2™t} [mo+a‘1 T F 1)2]' 363. fe“ sin® bx dr = 2—+ <(a sin bx — nb cos bx)
347. f z™ (log z)* dz = ‘ e sin"~ !t bx + n (n — 1)b? f e sin"~? by - dx).
2 (log )t _ _1 f 2™ (log )" tdx, [m, n # —1]. 364. fe‘”‘ cos™ br dr = ((a cos br + nb sin bz)
m+1 m+41 ’ . 2 In +
348. sin log = dx = 32 sin log * — 42 cos log z. - ‘ ez cos™ ! br + n (n — 1)b? f o cos™? by dx)'

349. cos log » dz = 3z sin log z + 3z cos log 2.
HyperBoric Forwms

EXPONENTIAL FORMS
365.

. sinh £ dxr = cosh x.
350. fe’ do = ¢ 366. cosh z dx = sinh z.

351.

367. tanh x dx = log cosh x.

352. o 368.

eaz
e dr = e (ax — 1). , 317

316

&

l

[

9
e —

coth z dx = log sinh x.

353.



INTEGRALS
369. f sech z dx = 2 tan~! (¢?) = tan™! (sinh 2).
370. f csch z dz = log tanh (g)
371. f 7 sinh z dxz = z cosh 2 — sinh z.
372. f x cosh z dxr = x sinh x — cosh z.

373. f sech z tanh z dx = — sech x.

374. f esch z coth z dr = — csch z.
c1g _sinh2r =
375. fsmh z dr 1 3

376. f tanh? z dz = x — tanh 2.

377. f sech? z dxz = tanh x.

2 sinh 2z =
378. f cosh? z do 1 + 5

379. f ctnh? x de = ¥ — ctnh z-
380. f esch? z dx = — ctnh z.
381. f sinh mz sinh nx dr =

sinh (m + n)xz _ sinh (m — n)x
2(m + n) 2(m — n)

382. f cosh mz cosh nzx dr =

ginh (m + n)x
2(m + n)

sinh (m — n)r
2(m — n)

+

383. f sinh mz cosh nx dz =

cosh (m + n)z
2(m + n)

cosh (m — n)z
2(m — n)

+

318

m? = nl

m2 # n’

m? #= nl

INTEGRALS
384. f arg sinh g dx = x arg sinhs — VT F et
385, f r arg sinh Z dz = (a_; + %;) arg sinhg - z /7% F @t )
386. f arg cosh-de = rarg coshg - V1r—a?, [arg coshg >0

= z arg cosh% + V2t — &, [arg coshg < 0]-

z T, a
387. f arg tanh a dxr = z arg tanh 2 + 5 log (a? — z?).

388.f tanh £ _¥—-a z , ar
z arg tan adx T argtanha+7-

- DEFINITE INTEGRALS

0 1 1 n—1
389, J; x"“‘e"dx=ﬁ (log;) dz =T(n). (Gamma function).
390. I'(n) is finite if n > 0, T'(n + 1) = al'(n).
391. T (n) - T(1 —n) =

sin nr
392. T (n) = (n — 1)!if n = integer > 0.
393. T ) = V.
1\ 1:3:5-7---(2n —
394. P(n +-2) = o (2n — 1) v/m, where n is an
integer and > 0. (see values of I'(n) at end of integral table)

1
395. J; Y1 — x)*tdx = B(m,n).

(Beta function).

T(m)'(n)

396. B(m,n) = B(o;m) = 700

» where m and n are any positive

real numbers.

1 ©
397. m1 (1 — g)~1dy = z'dz _T(m)T
J; zm1 (1 — z)~'dx j; T = P(";L +(Z;.

“ dzx 1
398'11 ™ m—1 [m > 1].

* dz
399. J; 1 + z)zr = m CSC pm, [p < 1)
319 .




rE INTEGRALS

dx
® xr-ldz T
401.1; I+z sinpr O<p<l1].
© xﬂl"“l dx T .
402.1; I+z2 . mr [0 <m < n]
n sin —
n
403 f” e _
“Jo 142 VE

® adz . N e . T
404-J; m=§llfa>0,0,lfa—0,'—E)lfa<0.

/2 T/2
405. f sin* r dx = f cos® r dx
0

0
1-3:5 - -(n—l)
546 (n)
_2:4°6" _ (n — 1) [n an odd integer]

. zr—: [n an even integer],

[
C».')

-5
n+1
1 F( 2 >
SV [ > — 11

406.J; Sli’;‘idf=g,ifm>0;0,ifm=0;-—g;ifm<0.

“ cos x dx
z

408. f tan x dx -
z

m

407.

8

—

T.
2

409. sin kx - sin mx dx = f cos kx - cos mx dx = 0,
0

s

[k & m; m, k = integers].

o -
sin z cos mx dx

p =O,ifm<—1orm>1,

410.

&

=T iftm = +1;=1§r,ifm2<1.

N

411.

[T

T T
sin? mx dx = f cost mx dr = =-
0
320

S

412,

413.

414.

415.

416.
27
A17. f
0
418.
419.

420.

421.

422,

423.
424.
425.

426.

f cos (%) dv = f sin (z%) dz = %\/Lr
0 2N\2

[

s

0

I S

(=]

55— 55—

/2

T/2

8

DEFINITE INTEGRALS

b

" sin z dx “cosadr \/7_r_
Vi b TN
dx _cosTla
T+acost +/T-a
dz _ 27
1 +acoszx - \—/T-::E?
* cos ax — cos bx de = log
T
dx

™

a?sm®x + b costz  2ab

2 dx =

z2n e dx

-3:5

. 1 n om
sin"lzcos™tader =Bl 5 )

2 22

[m > 0]

fm < 0]

[a < 1].

(a® < 1].

m and n positive integers.

- (2n — 1)

2n+lan
321..

[a > 0].

n>—1a>0]

[n pos. integ., a > 0].

[a > 0]



DEFINITE INTEGRALS

427. f " ey g = e—ZEZV;.

i _1 [
428. f T 2n \/ﬁ

2. | 4 _\/7_'.
J; Vz v n

© as __ 4G
430. J; €% cos mx dxr = prp——
P e _om
431. J; € s mx dx = m:
432, f e cos br dx = M,
0 2a

. ,
433. J; (log x)*dx = (— 1) - nl
1 1\} VT
434, L (log —.’13-) dr = T'
1 1 -4
435. f (Iog —) de = \/=.
0 x
1 1 n
436. f (log —) de =
0 x

1
437. J; zlog (1 —x)dz = — %
1
438. f zlog (1 +z)de = %
0

1 2
439. f logz 4o - T,
0

1+=z 12
! og 7d
440. L m dx = - E’
1 log z 7
441. J; -1—_-5:—2 dr = — §"

442.

)
° -
—
)
o
N
e R
+
Ry
~—
s g
Il
w8

443.

fa > 0]
[a > 0]

[a > 0].

DEFINITE INTEGRALS

1 N rn+1
444.fx”‘[log<>]d (—%—I);.T)lyfm+1>0n+l>0.
445. f @ — 2 dz ( p+1>0g+1>0]

T logzr g +1) ’ ’
446.

f\/jg—(—l)f
447, J; " log (z + }) da

/2
448. f log sin z dx = f
o
/2 x
449, f log sec x dx = f log csc x dx = 5 log 2.
0

450. f zlogsinzdr = — %log 2.
o ,

2

.
4

logcosxder = — glog 2.

/2
451. f sin z log sin z dx = log 2 — 1.
0

/2
452. f log tan x dz = 0.
0
L ~/a? — b?
453. J; log (a + b cos z) dx = = log (ﬁi——zg—————b—>; la = bl

*  dz T
454. J; coshaz 2a

® zdx x
455' J; sinh az  4a®

456. L e cosh br do = =, a>0.
457. J;w e~ sinh badx = a;—i——bz a> 0.
458. f:n e—u’" du =y +logz —x + 5. ,2' 31;' +4x“4'
— + -+ -, wherey =}_i:2<1 +§+§
4 .- +%—logz)=0.5772157 e, 0z < o,

323



DEFINITE INTEGRALS

/2 dx T
_— e = — 1 k2
459']; V1 —Fksin?z 2{ +<> +(

1-3-5\
+<z—4“é)k+

/2 T 1\
460. f \/l—kQSinzxdx=-[l—(;—> k2
0 2 2

0

461 f e—* lOg xdr = ‘—'y = —(0.5772157 -

462.

1-
2-

(L3R (1-3es R
2.4) 3 \2:46) 3

)

( _ vywx=y=ammw7~-
— € x

k*

s if B2 < 1.

L if k2 < 1.

[Euler’s Constant].

463. f %( ‘) dr = v = 0.5772157 - « «





