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1. (a) The vector v has magnitude 8 and direction q = 120°. Find its component form.

(b) Suppose this same vector has as its initial point:  37,2 . Use your answer from part (a) to
find its terminal point.

2. Determine if the following pairs of vector are orthogonal, parallel, or neither. Show your work.

(a) v = <3, –2>  and w = <–1, 2> (b) v = < –2, 0>  and w = <0, 5>

(c) v = < –1, 2>  and w = 0 1
2

,  (d) v = < 2, –3>  and w = <–2, 3>

3. Given the vectors u = < 2, –1, 1>  and w = <–3, 2, 2>…

(a) Calculate the angle (in degrees) between the vectors. Round answer to nearest hundredth.

(b) Find wuproj .

4. Orthogonal vectors:

(a) Find a vector orthogonal to the yz-plane.

(b) Find a vector orthogonal to the two given lines:

line #1:
x t
y t
z t

  
 
 









1 3
3 2
1

line #2:
x t
y t
z t

 
 
  









4 5
2
1 2

(c) Find a vector orthogonal to the plane given by 1132  zyx .

5. Determine the parametric equations for the line passing through the points (–3, 2, 0) and (4, 2, 3).
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6. Three forces with magnitudes 3, 4, and 5 pounds act on a machine part at angles of –15°, 150°, and
220° respectively, with the positive x-axis. Find both the magnitude and direction of the resultant
force. Round all answers to the nearest tenths of a unit. Be sure and include units in your final
answer to get full credit.

7. Consider the following plane curves. Eliminate the parameter and represent each curve by a vector-

valued function .

(a) 12  yx

(b) 12  xy

8. Find the domain of the vector-valued function
376

1,
ln
2),3ln()( 2

4





tt

t
t
tttr .

Write your answer answer using interval notation to get full credit.

9. Evaluate  
 dt

t
tttt
1

,51,ln .

CALCULUS III Practice FINAL Exam, CONTINUED PAGE 2 OF 13
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10. An object starts from rest at the point (0, 1, 1) and moves with an acceleration 0,cos,1)( tt a .
Find the position, r(t), at time t = 4.

11. Given the vector-valued function 21,4)( ttt r ...

(a) Sketch the graph, be sure and identify all intercepts.

(b) Evaluate the velocity vector when t = 2, and sketch it on the same graph at the appropriate
position.

CALCULUS III Practice FINAL Exam, CONTINUED PAGE 3 OF 13
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12. Projectile Motion. A projectile is fired at a height of 2 meters above the ground with an initial
velocity of 100 meters per second at an angle of 35° with the horizontal. Round each result to the
nearest tenths of a unit.

(a) Find the vector-valued function describing the motion. Hint: Use g = 9.8 meters per second
per second.

(b) Find the maximum height.

(c) How long was the projectile in the air?

(d) Find the range.

13. Find the unit tangent vector, T(t), for the curve given by  when .

14. Find the length of the curve  when t  [0, 2].

15. Domain for a function of 2 variables. Find the domain for the given function and write the answer
using set notation:

yx
xyxyxyx

e
yxyxf x 76

23)sin()ln(),( 3232
1 






CALCULUS III Practice FINAL Exam, CONTINUED PAGE 4 OF 13
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16. Find the second partial, , for .

17. Find the first partial derivative with respect to x: xyzxezyxF ),,(

18. Use the total differential dz to approximate the change in
x
yz   as (x, y) moves from the point

(2, 1) to the point (2.1, 0.8). Then, calculate the actual change z.

19. The radius of a right circular cylinder is decreasing at the rate of 4 inches per minute and the height
is increasing at the rate of 8 inches per minute. What is the rate of change of the volume when r = 4
inches and h = 8 inches? (Hint: Use the Chain Rule for function of several variables.)

20. Find the directional derivative of  at the point (1, –3) in the direction < –2, 1>.

CALCULUS III Practice FINAL Exam, CONTINUED PAGE 5 OF 13
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21. Given the surface …

(a) Use implicit differentiation and find the slope in the x-direction,
x
z



 , at the point (–1, 2, 1).

(b) Find an equation of the tangent plane (in general form) to the surface at the point (–1, 2, 1).

22. Find a set of parametric equations for the normal line to the surface given by yxyxfz 2),(   att
the point (2, 1, 4).

23. Find extrema and saddle point(s), if any, for the function 53),( 32  yxyxxyxf . Write
your answer(s) in ordered triple(s) to get full credit.

24. Use Lagrange Multipliers to find the dimensions of a rectangular box of maximum volume with
one vertex at the origin and the opposite vertex lying in the plane given by 24346  zyx . Then,
give the actual maximum volume.
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CALCULUS III Practice FINAL Exam, CONTINUED PAGE 7 OF 13

25. (a) Evaluate the integral: x dxdy
e y

2

0

2


ln

(b) Evaluate the integral  
1

0

1
2

y

xy dxdyex . (Hint: Reverse the order of integration first.)

26. Evaluate the double integral  by changing to polar coordinates.

27. Set up the triple integrals (but do not evaluate) that would calculate the volume of the solid bounded
by the graphs of z = 0, ,1622  yx  and z = 5 – y  using…

(a) rectangular coordinates

(b) cylindrical coordinates
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28. Find work done by the force 222 ,, zxyzxy F  over the curve 32 ,,)( ttttr   from the
point (0, 0, 0) to (1, 1, 1).

29. Evaluate , where C =  . The curve  is the straight line segment from the point (1, 0) to

the point , and  is the curve along the graph of  from the point to (0, 0).

30. Given the field 2
2

1
4,,2
z

yx


F …

(a) Show that the field is conservative.

(b) Evaluate dz
z

dyyxdx 


)1,3,3(

)0,0,0(
2

2

1
42 .
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31. Find the work done by the field yx
y

y sin21,cos2 F  on the object that follows a path from the

point (2, 1), to the point (2, 2), and then to the point 






2
,1  .

32. Use Green’s Theorem to evaluate the line integral , where C is the right half of

a circle of radius 2, .

33. Evaluate the surface integral  if S is the part of the plane  in the first octant.

CALCULUS III Practice FINAL Exam, CONTINUED PAGE 9 OF 13
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34. Find the flux integral  if  wheree S is the surface  above the
xy-plane.

35. Let Q be the cube bounded by the planes x = ± 1, y = ± 1, and z =  ± 1, and let 222 ,,),,( zyxzyx F .

Use the Divergence Theorem to evaluate  
S

dSNF . Source, sink, or neither?

36. Let Q be the solid bounded by the cylinder x2 + y2 = 1 and the planes z  = 0 and z = 1. Use the

Divergence Theorem to evaluate  
S

dSNF  and calculate the outward flux of F through S,, where S

is the surface of Q and . Source, sink, or neither?

CALCULUS III Practice FINAL Exam, CONTINUED PAGE 10 OF 13
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37. Let Q be the region bounded above by the sphere 9222  zyx  and below by the plane z = 0 in

the first octant. Use the Divergence Theorem to evaluate  
S

dSNF  and find the outward flux of F

through S, where S is the surface of the solid and yxxyzyx 2,4,),,( F . Source, sink, or neither?

38. Find the curl of the vector field yxzzyx ,,),,( 22 F . Is the field conservative?

39. Use Stokes’s Theorem to evaluate  
C

drF , where yxzzyx 2,2,),,( F  and S is the surface of the

paraboloid (oriented upward) of 0,4 22  zyxz , and C is its boundary..

CALCULUS III Practice FINAL Exam, CONTINUED PAGE 11 OF 13
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40. Limits: Each of the following problems requires knowledge of limits.

(a) Find the limit (if it exists). If it does not exist, so state.















 230 2
arctan,

1
3,sinlim

2

t
e

t
t

t
tt t

t

(b) Find the limit (if it exists). If it does not exist, so state.

t
t

t
te t

t ln
,
53
2,lim

2

2

2






(c) Find the limit at the boundary point (if it exists):

22

22

)2,3(),( 126
6136lim
yxyx
yxyx

yx 



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(d) Find the limit (if it exists). If it does not exist, so state.

)sin(
lim 222

222

)0,0,0(),,( zyx
zyx

zyx 




(e) Find the limit (if it exists). If it does not exist, so state. Hint: Convert to polar coordinates and
use the fact that    0,0, yx  means the same as r 0 along all paths in the domain to the
point (0, 0).

22

2222

)0,0(),(
lim

yx
yxyx

yx 




(f) True or False:

The improper integral  



















0 0

22 1
1

1
1x

dydx
yx  converges to the value

4

2
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1. (a) The vector v has magnitude 8 and direction  = 120°. Find its component form.

Formula says: 34,4
2
38,

2
18120sin8,120cos8sin,cos 














  vvv (answer)

(b) Suppose this same vector has as its initial point  37,2 . Use your answer from part (a) to find its
terminal point.

Always use “terminal minus initial point” as your mantra! So, if the terminal point has
coordinates (x, y), then we need 4)2( x , and we need 3437 y .

Solve for both x and y to get the point:

 311,6 (answer)

2. Determine if the following pairs of vector are orthogonal, parallel, or neither. Show your work.

(a) v = <3, –2> and w = <–1, 2> (b) v = < –2, 0> and w = <0, 5>

(c) v = < –1, 2> and w = 0 1
2

,  (d) v = < 2, –3> and w = <–2, 3>

If they are orthogonal, then the dot product will be equal to zero. If they are parallel, then one must
be a multiple of the other. That is, if u is parallel to v, then u = cv. The pair in (b) is orthogonal, since
the dot product is zero. (Try it!) The pair in (d) is parallel since v = –w. The other pairs are “neither.”

3. Given the vectors u = < 2, –1, 1> and w = <–3, 2, 2>…

(a) Calculate the angle (in degrees) between the vectors. Round your answer to the nearest hundredth.

Use the formula
102
6

176
226

223112

2,2,31,1,2
cos

222222













wu
wu

So, 






 
  45.126

102
6cos 1 (answer)

(b) Find   1,1,21,1,2)1(
6

6proj 22 












 














 
 uuu
u
wuwu (answer)

4. Orthogonal Vectors:

(a) Find a vector orthogonal to the yz-plane.

Answer: The standard unit vector 0,0,1i

(b) Find a vector orthogonal to the two given lines:

line #1:

x t
y t
z t

  
 
 









1 3
3 2
1

     line #2:

x t
y t
z t

 
 
  









4 5
2
1 2

The vectors 2,1,5and1,2,3 21  vv  are the direction vectors for the lines, respectively..

CALCULUS III   PRACTICE FINAL EXAM KEY 
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The cross-product of these two vectors will be a vector orthogonal to both vectors, and hence, both:

  7,11,5103)56()14(
15
23

25
13

21
12

215
123 














 kjikji
kji

vv 21 (answer)

(c) Find a vector orthogonal to the plane given by 1132  zyx .

Very simply, the coefficients of the variables in the equation for a plane give the components
for the vector normal to the plane 1,3,2 v (answer)

5. Determine the parametric equations for the line passing through the points (–3, 2, 0) and (4, 2, 3).

3,0,703,22),3(4initialterminal PQ  This is the direction vector for the line..
The parametric equations for a line are ctzzbtyyatxx  111 ,, , where the direction
vector is cba ,,v . Use either point to substitute into these equations for P  111 ,, zyx . I’ll use the
first point:

tzytx 3,2,73  (answer)

6. Three forces with magnitudes 3, 4, and 5 pounds act on a machine part at angles of –15°, 150°, and 220°
respectively, with the positive x-axis. Find both the magnitude and direction of the resultant force. Round all
answers to the nearest tenths of a unit. Be sure and include units in your final answer to get full credit.

First, we need to write all three forces in component form:

21.3,83.3)220sin(5),220cos(5

2,46.3)150sin(4),150cos(4

78.0,90.2)15sin(3),15cos(3

3 





F

F

F

2

1

Next, we sum all of the forces to get the resultant vector:

99.1,39.4)21.3(278.0),83.3()46.3(90.2  321 FFF
Note that this resultant vector is in Quadrant III. This is important, especially when we try and find
the direction (angle) that it makes with the positive x-axis. The magnitude of this resultant vector is
given by:

    .8.4)99.139.4 22 lbs 321 FFF

To find the direction, we first take the inverse tangent of the quotient of the y-component divided by
the x-component:

















  4.24

39.4
99.1tantan 11

x
y

This is not correct, since the angle of 24.4° is in Quadrant I. The reason why our calculator gives us

this answer is because the range of the arctangent function lies in the interval 





2
,

2
 . To get

the correct angle (lying in Quadrant III), we add 180° to our result to get:

Direction = angle =  = 24.4° + 180° = 204.4°

Final answer: The magnitude is 4.8 pounds and the direction is 204.4°

CALCULUS III Practice FINAL EXAM KEY, CONTINUED

...ANSWER 4, CONTINUED
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7. Consider the following plane curves. Eliminate the parameter and represent each curve by a vector-valued

function .

(a) 12  yx
Let y = t, then 12  tx .

So, ttt ,1)( 2 r (answer)

(b) 12  xy
Let x = t, then 12  ty , so we have the vector-valued function 1,)( 2  tttr .

8. Find the domain of the vector-valued function
376

1,
ln
2),3ln()( 2

4





tt

t
t
tttr .

Write your answer answer using interval notation to get full credit.

The first component contains a logarithm, so we “need to worry.” The argument of the logarithm
must be positive, so we require that:

3:
3

03





tor
t
t

The second component has two “issues.” First, we need to guarantee that the radicand of the even

root is never negative. In other words 02  t , or 2t .

Also, we never want the denominator to be equal to zero. The denominator tln  will not equal zeroo
so long as the argument t is never equal to 1. That is, since 01ln  , we want 1t . Further, wee

need the argument to be non-zero, so 0t  also. We do not need to worry about this particular
argument being negative as we did for the logarithm in the first component because of the absolute
value symbol. In other words, this logarithm is OK with negative numbers since they will
“automatically” become positive due to the absolute value.

Finally, the last component has a denominator we need to worry about becoming zero. First we set
the denominator equal to zero, solve the quadratic equation, and then eliminate the solutions for
this equation from the domain. We will solve by factoring:

3
1,

2
3

013032
0)13)(32(

0)13(3)13(2
03926

0376
2

2












tt

tort
tt

ttt
ttt

tt

CALCULUS III Practice FINAL EXAM KEY, CONTINUED

Caution! Do not use x = t, because
then there will be two answers for y:

1 xy
(and that’s not very “nice.”)
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This means we exclude the solutions from our domain. So we have
3
1,

2
3 
 tt .

Finally, we intersect all four of our sets of domains for individual functions, and we have the final
result:

    


























  3,

2
3

2
3,11,00,

3
1

3
1,11,2t (answer)

9. Evaluate  
 dt

t
tttt
1

,51,ln .

This is an indefinite integral, so the final answer will have a constant vector of C. If it were a
definite integral, we would evaluate each anti-derivative at the limits.

The integral  tdtt ln  requires integration by parts, where
2

,1,,ln
2tvdt

t
dutdtdvtu  .

Then, we have 1

22222

42
ln

2
1

2
ln1

22
)(lnln Cttttdtttdt

t
tttvduuvtdtt 























    .

The integral   dtt51  can be evaluated using the general power rule, where dtdutu 5,51  .

So, we have   





 2

232321 51
15
2

3
2

5
1

5
1

5
1)5(51

5
151 Ctuduuduudttdtt .

The last integral has an improper rational function in its
integrand, and so requires polynomial long division first:

The integral now looks like  








 31ln

1
11 Cttdt
t

.

The final answer must be written as a vector:

  321
23

22

,,1ln,51
15
2,

42
ln CCCtttttt



10. An object starts from rest at the point (0, 1, 1) and moves with an acceleration 0,cos,1)( tt a . Find the
position, r(t), at time t = 4.

Starting from rest means the initial velocity is 0,0,0)0( v . We find velocity first by integrating
acceleration:

321 ,,0,sin,0,cos,1)()( CCCttdttdttt  av

To find the constants, we use the initial condition for velocity:

321 0,)0sin(,00,0,0)0( CCC v

We equate the components and find that 0,0,0 321  CCC .

Now, we have the complete velocity function 0,sin,)( ttt v .

CALCULUS III Practice FINAL EXAM KEY, CONTINUED

1

1

1
1





t
tt

Write in the form of:

1
11




tdivisor

remQuotient

Or, you can write the constant vector differently:

  C 1ln,51
15
2,

42
ln 23

22

tttttt
(answer)

...ANSWER 8, CONTINUED
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We integrate velocity now to find the position function:

332211

2

0,cos,
2

0,sin,)()( CCtCtdtttdttt   vr

We use the initial condition for position in order
to find the new sets of constants of integration:

Equating the components for these vectors gives us that 1,2,0 332211  CCC .

Our final answer is now 1,2)cos(,
2

)(
2

 tttr

11. Given the vector-valued function 21,4)( ttt r ...

(a) Sketch the graph, be sure and identify all intercepts.

The easiest way to graph this vector-valued function is to use your graphing calculator in
parametric mode. Another way is to make a table with two columns: one for time t, and the
other for the corresponding ordered pair, (x, y).

The x-intercept(s) can be found by setting the y-component equal to 0, and solving for t:

1
0)1)(1(

01 2






t
tt

t

The position for when t  = ±1 occurs when the vector-valued function is evaluated at these two
points: 0,41)1(and0,41)1(  rr . That is, at the points (5, 0) and (3,0).

The y-intercept(s) can be found by setting the x-component equal to 0: t + 4 = 0.  So we have
t = –4. This occurs at the position 15,0)4(1,0)4( 2 r . So, the y-intercept occurss
at the point (0, –15).

CALCULUS III Practice FINAL EXAM KEY, CONTINUED

332211

2

,)0cos(,
2
01,1,0)0( CCC r
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(b) Evaluate the velocity vector when t =  2, and sketch it on the same graph at the appropriate position.

First we find the velocity vector, which is the first derivative of the vector-valued function
tt 2,1)( r .

Next, we evaluate this at the specified time, t = 2: 4,1)2(2,1)2( r . We sketch this
vector at the appropriate position. This position is found by evaluating the position vector
given, r(t) at the time t = 2. That is, the position is: 3,6)2(1,42)2( 2 r .

So, sketch the vector <1, 4> where the initial point of the vector is located at the point (6, 
3) on the graph. Remember: velocity vectors are always tangent to the line of motion. So, if
your velocity vector does not appear to be tangent to the curve, you probably did something
wrong!

12. Projectile Motion. A projectile is fired at a height of 2 meters above the ground with an initial velocity of 100
meters per second at an angle of 35° with the horizontal. Round each result to the nearest tenths of a unit.

(a) Find the vector-valued function describing the motion. Hint: Use g = 9.8 meters per second per second.

Use the Projectile Motion Theorem 2
00 2

1sin,cos)( gttvhtvt  r .

So using  35,sec8.9,2sec,100 2
0 mgmhmv , we have:

22 9.4358.572,915.81)8.9(
2
1)35sin(1002,)35cos(100)( ttttttt r

(b) Find the maximum height.

Maximum height occurs when vertical component of velocity is equal to zero. The velocity
vector is given by ttt 8.9358.57,915.81)()(  rv . Set the vertical component equal to
zero. Be careful! The solution for this equation will give the time it takes for the projectile to
achieve its maximum height, and not the actual maximum height. You then plug this value for
time into the vertical component of the position function to obtain the maximum height:

seconds85.5
8.9
358.57

08.9358.57





t

t

Please note that you do not want to round to tenths just yet. Wait until the final result to round
your answer to the nearest tenths, else your answer will not be as accurate.

Then, plug t = 5.85 seconds into the y-component of r(t) to get:

8.169)85.5(9.4)85.5(35.572 2   meters

(c) How long was the projectile in the air?

The projectile will hit the ground and end its journey when height = 0. So, we will set the
vertical component of the position function equal to zero and solve for time t. This will give
us how long the projectile was in the air.

Set the y-component of r(t) equal to zero to get 09.435.572 2  tt .

CALCULUS III Practice FINAL EXAM KEY, CONTINUED
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This is a quadratic equation. We will solve it using the quadratic formula, where

a
acbbt

2
42 

 , where a = –4.9, b = 57.35, and c = 2.

We get two solutions: t = 11.739 seconds and t = –0.034 seconds (which is impossible here).

Answer: The projectile was in the air for a total of time t = 11.739 seconds.

(d) Find the range.

To get the range, we plug our result from part (c) into the horizontal component of the position
function to get (81.915)(11.739) which is approximately equal to 961.6 meters. (answer)

13. Find the unit tangent vector, T(t), for the curve given by r( ) cos , sin ,t t t 4 3 1  when t  3
2


.

We use the definition:

    tt

tt

tt

tt
t
tt

22222 cos9sin16

0,cos3,sin4

)0(cos3sin4

0,cos3,sin4
)(
)()(















r
rT

Evaluating at time t  3
2


, we have that:

0,0,1
16
0,0,4

)0(9)1(16
0),0)(3(),1)(4(

)23(cos9)23(sin16

0,)23cos(3,)23sin(4
2
3

22




















T (answer)

14. Find the length of the curve r( ) , ,t e e tt t  2 , when [0, 2].

Use the formula for arclength:

      


 
2

0
2

242

0
2

2
2

0

22
2

0

222
2

0

2121222,,)( dt
e
eedt

e
edteedteedteedtts t

tt

t
ttttttt

b

a

r

The numerator in the radicand factors:

    












 2

0

2

0

22

0

22

0
2

22 111 dteedt
ee

edt
e
edt

e
e tt

tt

t

t

t

t

t

15. Domain for a function of 2 variables. Find the domain for the given function and write the answer using set
notation:

yx
xyxyxyx

e
yxyxf x 76

23)sin()ln(),( 3232
1 






Answer:  076,02,0,0),( 32  yxyxxyxyx

CALCULUS III Practice FINAL EXAM KEY, CONTINUED
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(answer)
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16. Find the second partial, f xy , for f x y x y y x x( , )   2 2 22 4 .

We first find the first partial: 442 2  xyxyf x .

To find the second partial, f xy , we integrate the first partial w.r.t. y and get:

xyxf xy 82  (answer)

17. Find the first partial derivative with respect to x: xyzxezyxF ),,( .

We need to use the Product Rule, and take the derivative with respect to x. This means that we treat both the
variables y and z as constants:

 xyzeeyzxezyxF xyzxyzxyz
x  1)()1(),,(

18. Use the total differential dz to approximate the change in
x
yz   as (x, y) moves from the point

(2, 1) to the point (2.1, 0.8). Then, calculate the actual change z.

First, we find the total differential that is given by dy
y
zdx

x
zdz







 .

So, we find the partial derivatives first: 2
2)1(

x
yyx

x
z



   and

xy
z 1





.

Next, we note that 1.021.2  xdx  and also that 2.018.0  ydy .

Then we have the total differential evaluated at the starting point of (2,1):

8
1125.0)2.0(

2
1)1.0(

)2(
1
2 dz

The actual change for z if given by:

42
51190476.0

2
1

1.2
8.0)1,2()8.0,1.2(  ffz  (A pretty close approximation!)

19. The radius of a right circular cylinder is decreasing at the rate of 4 inches per minute and the height is increasing
at the rate of 8 inches per minute. What is the rate of change of the volume when r = 4 inches and h = 8 inches?
(Hint: Use Chain Rule for function of several variables.)

The volume of a right circular cylinder is a function of two variables: hrhrV 2),(  .

Using the Chain Rule for Functions of Several Variables, we differentiate both sides of this “equation”
with respect to time t:

 
dt
dh

h
V

dt
dr

r
V

dt
hrVd









),(

Taking all of the partial derivatives as well as the “regular” ones, we find that:

dt
dhr

dt
drhr

dt
dV

 )()2( 2

Now, we use all of the info given, that is:

inhinrin
dt
dhin

dt
dr 8,4min,/8min,/4 

 128)8()4()4()4)(8)(2( 2 
dt
dV

cubic inches per minute (answer)
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20. Find the directional derivative of f x y x y( , )  2  at the point (1, –3) in the direction < –2, 1>.

We first need to normalize the direction vector. That is, form a unit vector out of the direction vector:

5
1,

5
2

12

1,2
22







u

Next, we find the first partials for the function: 2,2 xfxyf yx  .

Then, we evaluate these partials at the point given, that is (1, –3):

  1)1(,6)3)(1(2 2
)3,1()3,1


 yx ff

We form the gradient now:
2,2,),( xxyffyxf yx 

At the point (1, –3), the gradient is the vector 1,6)3,1( f .

Finally, we use the definition for the directional derivative that is:

 
5
13

5
1)1(

5
26

5
1,

5
21,6sin,cos),(),( 















 



 yxfyxfDu (answer)

Note: this result gives the slope of the surface in the direction of the direction vector!

21. Given the surface 2 3 4 182 2 2x y z   …

(a) Use implicit differentiation and find the slope in the x-direction, x
z



, at the point (–1, 2, 1).

Use the definition
z

x

F
F

x
z





, where 018432),,( 222  zyxzyxF .

Therefore,
z
x

F
F

x
z

z

x

8
4



 .

Then at the point (–1, 2, 1), we have the slope as:

2
1

)1(8
)1(4

)1,2,1(








x
z

(answer)

(b) Find an equation of the tangent plane (in general form) to the surface at the point (–1, 2, 1).

The gradient of the function ),,( zyxF  found in part (a) above will be a vector orthogonal to
the surface that we will use to form the equation of the plane:

zyxFFFzyxF zyx 8,6,4,,),,( 

Evaluate at the point given: 8,12,4)1(8),2(6),1(4)1,2,1( F .

Now we use the format for the equation of a plane, which is: 0)()()( 000  zzcyybxxa ,
where the vector orthogonal to the plane has components a, b, and c.

So, 0))1((8))2((12))1((4  zyx .

Distribute and collect like terms to get the equation into general form:
923  zyx (answer)
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22. Find a set of parametric equations for the normal line to the surface given by yxyxfz 2),(   at the point
(2, 1, 4).

First rewrite the equation in the form 0),,( zyxF . We will do this by subtracting yx2  from both
sides: 02  yxz .

We then find the gradient ),,(),,,(),,,(),,( zyxFzyxFzyxFzyxF zyx .

This gradient vector will be a vector that is normal to the surface. It will also be a vector that will
serve as the direction vector for our normal line to the surface.

So, finding the first partials we obtain 1,,2),,( 2xxyzyxF  .

We evaluate the gradient at the given point, (2, 1, 4):

1,4,41,)2(),1)(2(2)4,1,2( 2 F

Now we have all of the information we need to
write the set of parametric equations for our line
that is normal to the surface. We use
where the direction vector is given by cba ,,v
and a point on the line given by  000 ,, zyx .

The answer is:











tz
ty
tx

4
41
42

23. Find extrema and saddle point(s), if any, for the function 53),( 32  yxyxxyxf . Write your answer(s)
in ordered triple(s) to get full credit.

We first find the first partials. Then we form a system of equations by setting both partial
simultaneously equal to zero, and solve the system.

The solution(s) of this system give the critical point(s) 033,0312 2  yxfyxf yx .

This is a non-linear system, which is most easily solved using the method of substitution. Using the
second equation, solve for x, then substitute into the first equation:

013)(233 222  yyyxxy

This is a quadratic equation. We can solve by either using the quadratic formula, or by factoring:

1,
2
101,0120)1)(12(  yyoryyy

Since 2yx  , we get the corresponding x-coordinates, and find that the solutions to the system,

which are exactly the critical points   






2
1,

4
11,1 and .

Now we form D for the D-Test:      912)3()6)(2( 22  yyfffD xyyyxx

We perform the D-test by evaluating D at each of the critical points: 039)1(12)1,1( D .

Since D > 0, we have an extrema. To find out what type, we evaluate the second partial xxf  at the
point 02)1,1( xxf .

Since it’s also positive, we have a relative minimum at the point (1, 1, –5).













ctzz
btyy
atxx

0

0

0
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Now, test the other point by evaluating D:

039
2
112

2
1,

4
1














D

We have a saddle point at 





 

16
79,

2
1,

4
1 . (answer)

24. Use Lagrange Multipliers to find the dimensions of a rectangular box of maximum volume with one vertex at
the origin and the opposite vertex lying in the plane given by 24346  zyx . Then, give the actual maximum
volume.

The function we are trying to maximize is the volume function for a rectangular box. For this
problem where one vertex is at the origin, we will have width = x, length = y, and height = z. So, the
volume of the box is given by xyzzyxf ),,( .

The constraint equation needs to be rewritten as 0),,( zyxg . The plane equation is our constraint
equation. We rewrite it 024346  zyx .

Next, we form the Lagrange function:

),,(),,(),,,( zyxgzyxfzyxL  

Using our function and constraint, our Lagrange function looks like:

)24346(),,,(  zyxxyzzyxL 

Next, we find all four first partial derivatives for the Lagrange function. We set all four of these
partials equal to zero, and then solve the resulting (non-linear in this case) system of equations:

0)24346(
03
04
06







zyxL
xyL
xzL
yzL

z

y

x








Notice that the last partial is simply our constraint equation 0),,( zyxg , if you go ahead and
rewrite it. By the way, this will always be the case when using the method of Lagrange Multipliers
for the last partial (with respect to lambda—).
There are several approaches in attempting to solve this system. The strategy l will use is the following:
Solve for  using the first three equations. Use these to get both y and z in terms of x. Substitute
these into the constraint equation to find x:

3

4

6

xy

xz

yz












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Setting the first form for l equal to the second one: l =
46
xzyz
 . Next divide both sides by z to get

that xy
2
3
 .

Next, set the second and third equations equal to each other:
34
xyxz
 .

Then divide both sides by x to get that xxyz 2
2
3

3
4

3
4





 .

Substitute both xy
2
3
  and z = 2x into the constraint equation and solve for x:

3
4

18
24
2418

24666

24)2(3
2
346












x

x
xxx

xxx

Now, we get the other dimensions for the box:

2
3
4

2
3

2
3










 xy

3
8

3
422 



 xz

Therefore the dimensions are
3
8,2,

3
4

 zyx .

The maximum volume for the box is  
9
64

3
82

3
4

3
8,2,

3
4















f  cubic units. (answer)

25. (a) Evaluate the integral:






















































    4

)0(2
4

)2(ln2
4

2
2

2
2
)(

2
2

2

)0)(2()2(ln22ln

0

22ln

0

22ln

0

222ln

0

2 2ln

0

22 eeeydyedyedyxdxdyx
yyy

e ey y

4
32ln2

4
1

4
22ln2
2

 (answer)

Note: We used the fact that xe x ln  in the last step.
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(b) Evaluate the integral  
1

0

1
2

y

xy dxdyex . (Hint: Reverse order of integration first.)

We sketch the region of integration by graphing the equations 1,,1,0  xandyxyy .
It is a triangle with vertices: (0, 0), (1, 0), and (1, 1).

To switch the order of integration, we’ll require the variable x to have constants as limits, so,
0  x  1, and 0  y  x.

We have  
1

0 0

2
x

xydydxex .

To integrate, we use the exponential rule, where u = xy, and du = xdx. Save one factor of 2x
for the u-substitution, and the other we’ll treat as a constant multiple:

          
1

0

1

0

0
1

0
0

1

0

1

0 0

22

dxxxedxeexdxexdxduexdydxxex xxxxyu
x

xy .

We’ll use u-substitution again with the exponential rule, where xdxduxu 2,2  . Now, we have:

1
2
10

2
1

2
1

2
1

22
12

2
1 0

1

0

21

0

1

0

22







 








  eeexexdxdxxe xx (answer)

26. Evaluate the double integral e dydxx y
x

2 2

2

0

1

1

1





  by changing to polar coordinates.

First, we’ll sketch the region of integration in order to be
able to see what the limits for both r and  will be. We see
that 0    , and that 0  r  1.

   

    )(1
2
1)1(

2
1

1
2
1

2
12

2
1

0

00

1

0
0

1

00

1

0

22

answeree

dederdrderdrde
rrrr











   

27. Set up the triple integrals (do not evaluate) that would calculate the volume of the solid bounded by the graphs
of z = 0, ,1622  yx  and z = 5 – y using…

(a) rectangular coordinates

  









4

4

16

16

5

0

2

2

x

x

y

dzdydxV (answer)

(b) cylindrical coordinates

  



 


2

0

4

0

sin5

0

r

dzrdrdV (answer)

...ANSWER 25, CONTINUED
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28. Find work done by the force 222 ,,),,( zxyzxyzyx F  over the curve 32 ,,)( tttt r  from the
point (0, 0, 0) to (1, 1, 1).

We cannot use the Fundamental Theorem of Line Integrals because the vector field is not conservative.

Instead, we use  
C

dWork rF , where we have that 23,2,1)( tttd  rr .

We then replace x, y, and z in the vector field with the components from 32 ,,)( tttt r , and have:

  
1

0

83542
1

0

6432
1

0

2322322 33223,2,1,,03,2,1)(,)(, dtttttdtttttttdtttttttttd
C

rF

Integrate and evaluate, and get:
60
29

3
1

4
3

3
1

5
2 1

0

9465 



  tttt (answer)

29. Evaluate
x y
x
ds

C






2

21
, where C = C C1 2 .

The curve C1 is the straight line segment from the point (1, 0) to the point 1 1
2
,




.

C2   is the curve along the graph of y x
2

2
 from the point 1

1
2
,




 to (0, 0).

We first parameterize each of the curves:
2
10,,1)(:1  tttC 1r .

So, the arclength element for this parameterization is dtdttds 110)( 22  1r .

Parameterizing the second curve for the path, we have that:

10,
2
)1(,1)(:
2

22 


 ttttC r

Taking the derivative of 2r , we get that:

1,1)1(
2
)1(2,1)(2 


 tttr

Next, we calculate the arclength element for this parameterization:

dttdttdttds 222
2 )1(1)1()1()(  r

Then, we evaluate the line integral where we rewrite it as a sum of two separate integrals (with all
of the appropriate replacements and substitutions:

   
 























 1

0

2
2

2221

0

22
2

2

2

2

2

2

2

2

)1(1
)1(1
2)1(110

)1(1
1

111
21

dtt
t
ttdttds

x
yxds

x
yxds

x
yx

CCC
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Please note that 22 )1()1(  tt  (“FOIL” each and see!) So, the second integral can be reduced to
lower terms, i.e., the denominator “cancels” with its equivalent numerator factor.

 

 

20
11

224
13

20
100

2
11

3
21

2
1

2
1

20
)1(

232
1

4
)1()1(1

2
1

2

1

0

5221

0

31

0

421

0

2







 



 

















 

















 
 

tttttdtttdtt

30. Given the field 2
2

1
4,,2
z

yx


F …

(a) Show that the field is conservative.

Because we have 0,0,0 























y
M

x
N

z
M

x
P

z
N

y
P

, the field is conservative..

This means that there exists a potential function, ),,( zyxf  for which F is its gradient. In
other words, ),,(,,),,( zyxfffzyxf zyx F .

We find this potential function by integrating three times, and summing the results (but
disregarding the “duplicates”):

 

 

 










),(arctan4
1
4

),(
3

)(

),(2),,(

2

3
2

2

yxfzdz
z

Pdz

zxhydyyNdy

zygxxdxMdxzyxf

(b) Evaluate dz
z

dyyxdx 


)1,3,3(

)0,0,0(
2

2

1
42 .

We use the Fundamental Theorem of Line Integrals. We already proved the field was
conservative and found its potential function. We use this now:

   01arctan4
3
33arctan4

3
),,(

1
42

3
2

)1,3,3(

)0,0,0(

3
2)1,3,3(

)0,0,0(

)1,3,3(

)0,0,0(
2

2 



















 zyxzyxfdz

z
dyyxdx










4

499 (answer)

CALCULUS III Practice FINAL EXAM KEY, CONTINUED

So, we have that:

(answer)

Czyxzyxf  arctan4
3

),,(
3

2

...ANSWER 29, CONTINUED
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31. Find the work done by the field yx
y

y sin21,cos2 −=F  on the object that follows a path from the point

(2, 1), to the point (2, 2), and then to the point ⎟
⎠
⎞

⎜
⎝
⎛

2
,1 π

.

The force field is conservative since y
y
M

x
N sin2−=

∂
∂

=
∂
∂ .

This means that the work done is independent of path and we can use the Fundamental Theorem of
Line Integrals. In other words, there is no need to parameterize the curves and we only care about
the starting and ending points! We find this potential function by integrating two times, and summing
the results (but disregarding the “duplicates”):

Next, we evaluate the line integral using the Fundamental Theorem of Line Integrals:

Work =  ] ( )[ ] ( )[ ] ( ) )1cos(42ln)1cos()2(21ln)2cos()1(22lncos2ln )2,1(
)1,2( −=+−+=+=⋅∫ ππππyxyd

C

rF   (answer)

32. Use Green’s Theorem to evaluate the line integral ( )x y dx x dy
C

− +∫ 3 3 , where C is the right half of a circle of
radius 2, x y2 2 4+ = .

Since the path is closed, we may use Green’s Theorem. First, sketch the path in order to determine
the region of integration:

Next, apply Green’s Theorem:

This double integral will be easier to evaluate if we convert to polar coordinates.

Please note that the range for the angle θ is 22
πθπ

≤≤−  and not 22
3 πθπ

≤≤ . If you do this, you

will lose lots of points due to the fact that the lower limit is actually a number larger than the upper

limit—so the double inequality is in fact meaningless!

CALCULUS III Practice FINAL EXAM KEY, CONTINUED

First, find ,

which are

.
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So now, we have that:

  






























12
22

121212

2
4
3

4
3)(3)(3)(3

2
2

2

2

2

2

4
2

2

2

0

2

2

2

0

43
2

2

2

0

2
2

2

2

0

22






























 



    

d

ddrdrdrrdrdrrdrdyx

33. Evaluate the surface integral y dS
S
  if S is the part of the plane z x y  6 3 2  in the first octant.

We have that g(x, y) = z = 6 – 3x – 2y.

We find .

The region of integration in the xy-plane is the projection of the surface
(the plane: (z  = 6 – 3x – 2y)) onto the xy-plane. Let  z = 0 and sketch the region if you need to:

Use u-substitution, where  :

34. Find the flux integral  if  where S is the surface z = 1 – x2 – y2 abovee

the xy-plane.

Use the fact that , where g(x, y) = z = 1 – x2 – y2.

So, we get the vector . The region of integration will

be in the xy-plane. We let z = 0 in the equation z = 1 – x2 – y2, and find that we have a circle of

radius 1. Now, our double integral is of the form:

We replaced “z” with the equation for the surface z = 1 – x2 – y2 in that last step. This is because you
are only allowed to have two different variables for double integrals, not three variables! Also, we
will convert to polar coordinates to make the integral easier to evaluate:

(answer)

CALCULUS III Practice FINAL EXAM KEY, CONTINUED



— 510 —

THIRD SEMESTER CALCULUS STUDENT SUPPLEMENT, 4TH EDITION

35. Let Q be the cube bounded by the planes x = ±1, y = ±1, and z =  ±1, and let  . Use the

Divergence Theorem to evaluate .  Source, sink, or neither?

First, we’ll find the divergence of F:

Next, we apply the Theorem:

Since the answer is zero, the outward flux of the field F through the surface is neither a source or a
sink (i.e., incompressible).

36. Let Q be the solid bounded by the cylinder x y2 2 1   and the planes z  = 0 and z = 1. Use the Divergence

Theorem to evaluate  
S

dSNF  and calculate the outward flux of F through S where S is the surface of Q and

F( , , ) , ,x y z x y z .  Source, sink, or neither?

The divergence of F is:

We now apply the Divergence Theorem:

We will convert to cylindrical coordinates to make it easier to integrate:

 (answer)

Since the answer is positive, we have a source.

CALCULUS III Practice FINAL EXAM KEY, CONTINUED
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37. Let Q be the region bounded above by the sphere x2 + y2 + z2 = 9  and below by the plane z = 0 in the first

quadrant. Use the Divergence Theorem to evaluate  and find the outward flux of F through S,,

where S is the surface of the solid and .  Source, sink, or neither?

First we get the divergence of F:

Next, we apply the theorem:

We will convert to spherical coordinates to make it easier to integrate. Keep in mind that the “drop-

down” angle, , ranges from , since we are bounded below by the xy-plane:

SOURCE (answer)

38. Find the curl of the vector field yxzzyx ,,),,( 22 F . Is the field conservative?

                  xzxz
y
z

x
x

z
z

x
y

z
x

y
y

xz
yx

yz
zx

yx
zy

yxz
zyx

curl

2,2,1022001
2222

2222
22





















































































kjikji

kji

kji

FF

Since the curl is not equal to the zero vector, the field is not conservative. The curl of a conservative
vector field is always equal to the zero vector.
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39. Use Stokes’s Theorem to evaluate  
C

drF , where yxzzyx 2,2,),,( F  and S is the surface of the

paraboloid (oriented upward) of 0,4 22  zyxz , and C is its boundary..

First, we have that 224),( yxzyxg  .

So, dAyxdAyxdAggdS yx 1,2,21),2(),2(1,, N .

Next, we find the curl of the field:

                  2,1,20210022222

2222
22














































































kjikji

kji

kji

FF

y
z

x
x

z
z

x
y

z
x

y
y

xz
yx

yz
zx

yx
zy

yxz
zyx

curl

Next, we apply Stokes’ Theorem:

   







S

x

xRC

dydxyxdAyxdScurld
2

2

4

4

2

2

2241,2,22,1,2NFrF

Convert to polar:
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40. Limits: Each of the following problems requires knowledge of limits.

(a) Find the limit (if it exists). If it does not exist, so state.















 230 2
arctan,

1
3,sinlim

2

t
e

t
t

t
tt t

t

Always try to start all limit problems using direct substitution. So, after substituting t = 0 into

the first component, we have: 0
0

)0(
00sin

3 


. Remember that 0
0

 is “indeterminate” whichh

means it is anybody’s guess what it represents. Please do not say that 0
0

 is equal to 0. Instead,,

know that anytime you run into the quotient 0
0

, you are probably going to use L’Hôpital’ss

Rule if the expression is single-valued as this one is. This indeterminate form is one of the

kinds where it is permissible to use L’Hôpital’s Rule. After taking the derivative of the numerator

and dividing it by the derivative of the denominator, we will again use direct substitution:

0
0

0
11

)0(3
10cos

3
1coslimsinlim 22030













 t
t

t
tt

tt

We need to apply L’Hôpital’s Rule again!

0
0

6
sinlim

0



 t

t
t

Apply L’Hôpital’s Rule one more time:

6
1

6
coslim

6
sinlim

00








t
t
t

tt

For the second component, we use direct substitution: So, after substituting t = 0 into the
second component, we have:

0
1
0

10
)0(3







For the third component, we use direct substitution, but find we need to take a look at the
argument of the inverse tangent a bit more closely. So, after substituting t = 0 into the third
component, we have:
















0
1arctan

)0(2
arctan 2

0e
ANSWER 40A, CONTINUED...
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We find that the limit of 
 20 2
lim

2

t
e t

t
. Then:

 
2

arctan 


The final answer must be a vector, which is:

2
,0,

6
1)(lim

0





t

t
r

(b) Find the limit (if it exists). If it does not exist, so state.

t
t

t
te t

t ln
,
53
2,lim

2

2

2






After applying direct substitution to the first component, we have the limit as: 0e . So,
the limit exists for the first component. Next, we apply direct substitution to the second
component to obtain:












 53
2

53
2lim 2

2

2

2

t
t

t

This is an indeterminate form where it is permissible to apply L’Hôpital’s Rule:

3
1

6
2

6
2lim

53
2lim 2

2











 t
t

t
t

tt

So, the limit exists for the second component. Apply direct substitution to the last component









 )ln(ln
lim

22

t
t

t .

At this point, you may use repeated applications of L’Hôpital’s Rule or use the fact that
polynomials tend to infinity “faster” than logarithms to get that this limit does not exist. Since
the limit does not exist for this last component, the final answer for this problem is:

“The limit does not exist.”

(c) Find the limit at the boundary point (if it exists):

22

22

)2,3(),( 126
6136lim
yxyx
yxyx

yx 




We always try and do direct substitution first, as we have done for all limit problems in your
first year of calculus classes. So, we do that here:

  0
0

)2(12654
247854

)3(12)2)(3()3(6
)2(6)2)(3(13)3(6

126
6136lim 222

22

22

22

2,3),(













 yxyx
yxyx

yx

...ANSWER 40A, CONTINUED
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This result is an indeterminate form to which we used to be able to apply L’Hôpital’s Rule—
but cannot, as this is a function of two variables. Instead, let’s try and simplify the expression.
It turns out that both the numerator and denominator are factorable trinomials and we can
reduce the quotient to lowest terms before re-evaluating! In other words, we will use the
Replacement Theorem that you learned in Calculus I. I will use the Master Product Method to
factor the trinomials. I will require all students to be able to show me the steps to do this on
their exams in order to receive full credit. For the numerator, the “Key Number” for the trinomial
is the product of the lead coefficients of the two variables: (6)(6) = 36.

Factors of 36 that add up to the middle coefficient (which is -13) are: -9 and -4.

We rewrite the trinomial such that the middle term is split into two using these two factors, as
shown below. For the denominator trinomial, the “Key Number” is the product of the lead
coefficients of the two variables: (6)(-12) = -72. Factors of -72 that add up to the middle
coefficient (which is -1) are: 8 and -9.

We rewrite each trinomial such that the middle term is split into two using these two factors:

    22

22

2,3),(22

22

2,3),( 10896
6496lim

126
6136lim

yxyxyx
yxyxyx

yxyx
yxyx

yxyx 








Now, we factor by grouping, and then apply direct substitution to the reduced quotient:

 

   
    )32(4)32(3

)32(2)32(3lim
10896
6496lim

)2,3(),(22

22

2,3),( yxyyxx
yxyyxx

yxyxyx
yxyxyx

yxyx 








17
5

)2(4)3(3
)2(2)3(3

43
23lim

)43)(32(
)32)(23(lim

)2,3(),()2,3(),(













 yx
yx

yxyx
yxyx

yxyx

Therefore, the limit exists and is equal to: 17
5

(d) Find the limit (if it exists). If it does not exist, so state.

)sin(
lim 222

222

)0,0,0(),,( zyx
zyx

zyx 




After direct substitution, we have:

  0
0

000sin
000

)sin(
lim 222

222

222

222

)0,0,0(),,(









 zyx
zyx

zyx

ANSWER 49D, CONTINUED...
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This result is an indeterminate form to which we used to be able to apply L’Hôpital’s Rule—

but cannot as this is a function of two variables. We also cannot use the Replacement Theorem

as we did in the last problem because this quotient is already completely reduced to lowest

terms. Instead, we will use a Theorem you used in Calculus I: 1sinlim
0


 




, where the angle

  here is the same as: 222 zyx  .

So, the limit exists and is equal to 1.

(e) Find the limit (if it exists). If it does not exist, so state. Hint: Convert to polar coordinates and use the fact
that    0,0, yx  means the same as r 0 along all paths in the domain to the point (0, 0):

  



2222

22222222

022

2222

)0,0(),( sincos
sincossincoslimlim

rr
rrrr

yx
yxyx

ryx 








 
101

sincos1lim)sincos1(lim
)sin(cos
sincos)sin(coslim 222

02

2222

0222

224222

0
















 r
r

rr
r

rr
rrr

So, the limit exists and is equal to 1

(f) True or False:

The improper integral  



















0 0

22 1
1

1
1x

dydx
yx  converges to the value:

4

2

The answer is: FALSE. Here is the work to show the statement is invalid:

   
























 0

20
0

2
0 0

22 1
arctanarctan

1
1

1
1

1
1 dx

x
xdxy

x
dydx

yx
x

x

Next, we use the Power rule with u-substitution, where dx
x

duxu
1

1,arctan 2 
 :

       
8

0
2
2

2
0arctan

2
arctan

2
arctan

21
arctan 2222

0

22

0
2





















xuududx

x
x

So, the improper integral converges to
8

2
, and not

4

2
.


